
xf.kr 401

lfn'k

ekWM~;wy - IX

lfn'k ,oa
f=kfoeh;
T;kfefr

fVIi.kh

fp=k 34.1

fp=k 34.2

34

lfn'k

ge nSfud thou dh fLFkfrvksa esa HkkSfrd jkf'k;ksa tSls nwjh] pky] rkieku] vk;ru bR;kfn dk iz;ksx
djrs gSaA ;g ek=kk,¡ fLFkfr ds ifjorZu] fLFkfr ds ifjorZu dh nj] oLrq ;k ,d fo'ks"k LFkku dk
rkieku rFkk ,d fo'ks"k LFkku esa ?ksjs gq, varfj{k dk o.kZu djus ds fy, i;kZIr gSaA gesa ,slh HkkSfrd
jkf'k;k¡& tSls foLFkkiu] osx] Roj.k] laosx bR;kfn Hkh ns[kus dks feyrh gSa] tksfd fHkUu izdkj dh gSaA

vkb, fuEu fLFkfr dk voyksdu djsaA eku yhft, ,d fuf'pr
fcUnq P ls pkj fcUnq A,B,C vkSj D  leku nwjh (ekuk izR;sd      5
fdeh) ij gSaA  ;fn vkidks fuf'pr fcUnq P ls 5 fdeh pyus ds
fy, dgk tk,] rks vki A,B,C ;k D  esa ls fdlh ,d fcUnq ij
igq ¡p ldrs gSaA vr% vkjfEHkd fcUnq vkSj nwjh] xUrO; LFkku dk
o.kZu djus ds fy, i;kZIr ugha gSaA fuf'pr fcUnq ls vUr;% fcUnq
dk fopkj fn'kk dh vko';drk n'kkZrk gSA

,d xfr'khy xsan dk mnkgj.k ysaA ;fn ge fdlh le; ij xsan dh fLFkfr ds ckjs esa lwpuk nsuk
pkgsa] rks gesa fdu ewyHkwr ckrksa dh vko';drk gksxh ftlls ge ;g iwokZuqeku dj ldsa \

eku yhft, vkjEHk esa xsan ,d fo'ks"k fcUnq A ij gSA ;fn ;g irk gks fd xsan ljy js[kk esa 5
lseh@lsfdUM dh pky ls py jgh gS] rks D;k ge 3 lsfdUM ds ckn xsan dh fLFkfr dks crk ldsaxs\
Li"Vr;k ughaA 'kk;n ge ;g dg nsa fd xsan fcUnq A ls 15 lseh dh nwjh ij gksxh rFkk blfy, ;g
dsUnz A rFkk 15 lseh f=kT;k ds o`Ùk ij fdlh fcUnq ij gksxhA

vr% dsoy pky vkSj le; dk Kku xsan dh fLFkfr dk o.kZu djus ds fy, i;kZIr ugha gSA tcfd
;fn ge ;g tkurs gSa fd xsan A ds iwoZ dh fn'kk esa 5 lseh@lsfdUM dh pky ls pyrh gS rks ge
bl fLFkfr esa gksaxs fd ;g crk ldsa fd 3 lsdsUM ds ckn xsan 15 lseh nwj ,d fcUnq P  ij A ds
iwoZ dh fn'kk esa gksxhA

vr% ,d xsan ds t(3) lsfdUM esa foLFkkiu ds v?;;u ds
fy, gesa xfr dk ifjek.k (vFkkZr~ 5 lseh@lsfdUM) rFkk bl
dh fn'kk (A ds iwoZ) dh vko';drk gksxhA bl ikB esa] ge
,slh jkf'k;ksasa ds fo"k; esa ppkZ djsaxs ftudk dsoy ifjek.k
gksrk gS& bUgsa vfn'k dgk tkrk gS rFkk ,slh jkf'k;ksa ds fo"k;
esa Hkh i<+saxs ftudk ifjek.k vkSj fn'kk nksuksa gksrs gS& bUgsa
lfn'k dgrs gSaA lfn'kksa dks ge fn"V js[kk[k.Mksa }kjk n'kkZ;saxs
rFkk muds ifj.kke vkSj fn'kk,¡ fu/kZfjr djsaxsA ge fofHkUu
izdkj ds lfn'kksa dk vè;;u djsaxs vkSj mu ij dqN lafØ;k,¡
djsaxs rFkk muds xq.kksa dk vè;;u djsaxsA ge vius vkidks
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,d fcUnq ds] fdlh ewyfcUnq dss lkis{k] fLFkfr lfn'k ds ckjs esa voxr djok;saxsA ge nks foekvksa
;k rhu foekvksa esa] nks ;k rhu ;qXer% yfEcd fn'kkvksa dk iz;ksx djrs gq,] ,d lfn'k ds ?kVd
Kkr djsaxsA ge foHkktu lw=k dh Hkh mRifÙk djsaxs rFkk bls leL;kvksa esa iz;ksx djsaxsA ge nks lfn'kksa
ds vfn'k vkSj lfn'k xq.kuiQyksa dks Hkh ifjHkkf"kr djsaxsA

   mís';
bl ikB ds vè;;u ds ckn] vki fuEufyf[kr esa leFkZ gks tk,axs %

● fn'kk ds Kku dh vko';drk Li"V djuk

● vfn'k vkSj lfn'k dks ifjHkkf"kr djuk

● vfn'kksa vkSj lfn'kksa esa Hksn djuk

● lfn'kksa dks fn"V js[kk[k.Mksa ds :i esa fu:fir djuk

● lfn'k dk ifjek.k vkSj fn'kk Kkr djuk

● fHkUu fHkUu izdkj ds lfn'kksa dk oxhZdj.k djuk] fjDr rFkk ,dd (ek=kd) lfn'k

● nks lfn'kksa dh lekurk ifjHkkf"kr djuk

● ,d fcUnq ds fLFkfr lfn'k dks ifjHkkf"kr djuk

● lfn'kksa dk tksMuk vkSj ?kVkuk

● ,d lfn'k dh ,d vfn'k ls xq.kk djuk

● lfn'kksa ij fofHkUu lafØ;kvksa ds xq.kksa ds dFku nsuk vkSj mudk iz;ksx djuk

● f=kfoeh; vkdk'k dks le>uk

● ,d lfn'k dks nks ;k rhu yfEcd v{kksa ds vuqfn'k fo;ksftr djuk

● foHkktu lw=k dh mRifÙk djuk rFkk bldk iz;ksx djuk

● nks lfn'kksa ds vfn'k (MkV) xq.kuiQy]

rFkk lfn'k (Økl) xq.kuiQy dks ifjHkkf"kr djuk

● lfn'k ds fnd&dkslkbu ,oa fnd vuqikr dks ifjHkkf"kr djuk ,oa le>uk

● lfn'kksa ds f=kd xq.kuiQy dks ifjHkkf"kr djukA

● lfn'kksa ds vfn'k f=kd xq.kuiQy dks le>uk vkSj blds iz;ksx ls lekUrj "kViQyd dk
vk;ru Kkr djukA

● pkj fcUnqvksa ds leryh; gksus dh le>A
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iwoZ Kku
● lery T;kfefr vkSj funsZ'kkad T;kfefr dk Kku

● f=kdks.kfefr dk Kku

34.1 vfn'k rFkk lfn'k
,d HkkSfrd jkf'k ftls dsoy la[;k }kjk O;Dr fd;k tk ldrk gks] vfn'k dgykrh gSA nwljs 'kCnksa
esa og jkf'k ftldk dsoy ifjek.k gksrk gS vfn'k dgykrh gSA le;] nzO;eku] yEckbZ] pky] rkieku]
vk;ru] rki dh ek=kk] fd;k x;k dk;Z vkfn lHkh jkf'k;k¡ vfn'k gSaA

HkkSfrd jkf'k;k¡ tks ifjek.k rFkk fn'kk j[krh gksa] lfn'k dgykrh gSaA foLFkkiu] osx] Roj.k] cy] Hkkj
bR;kfn lfn'kksa ds mnkgj.k gSaA

34.2 lfn'k ,d fn"V js[kk[k.M ds :i esa
vki ;kn dhft, fd ,d js[kk[k.M ,d nh xbZ js[kk dk ,d Hkkx
gksrk gS] ftlds nks vaR;% fcUnq gksrs gSaA dksbZ ,d js[kk l yhft, (tks
fd vk/kkj dgykrk gS)A l dk og Hkkx ftl ds vUr% fcUnq A vkSj
B gSa] ,d js[kk[k.M dgykrk gSA js[kk[k.M AB, A ls B dh fn'kk esa

 }kjk iznf'kZr fd;k tkrk gS rFkk ,d fn"V js[kk[k.M dgykrk gSA
fcUnqvksa A vkSj B dks lfn'k  ds Øe'k% vkfn rFkk vUr% fcUnq
dgrs gSaA

yEckbZ AB, lfn'k  dk ifjek.k ;k ekikad dgykrh gS rFkk bls

| | }kjk n'kkZrs gSaA nwljs 'kCnksa esa] yEckbZ AB AB=
uuur

 gSA

vfn'kksa dks izk;% a,b,c bR;kfn }kjk izdV djrs gSa] tcfd lfn'kksa dks izk;% a, b, c
rr r

 bR;kfn }kjk n'kkZrs

gSaA lfn'k a
r

 ds ifjek.k a
r  dks izk;% izrhd 'a' }kjk fn[kkrs gSaA

34.3 lfn'kksa dk oxhZdj.k
34.3.1 'kwU; lfn'k (fjDr lfn'k)

,d lfn'k ftldk ifjek.k 'kwU; gks] 'kwU; lfn'k dgykrk gSA 'kwU; lfn'k dh dksbZ fuf'pr fn'kk

ugha gksrhA lfn'k ,  'kwU; lfn'k gSaA 'kwU; lfn'k dks izrhd 0
→
 }kjk Hkh izdV djrs gSa] ftlls

blesa rFkk vfn'k 0 esa vUrj Li"V gks ldsA

34.3.2  ,dd lfn'k

,d lfn'k ftldk ifjek.k ,d bdkbZ gks] ,dd lfn'k dgykrk gSA vr% ,dd lfn'k a
→ ds fy,]

| a
→

| = 1 gksrk gSA ,dd lfn'k dks izk;% â  }kjk O;Dr fd;k tkrk gSA vr%] a
→

= | a
→

| â  gSA

34.3.3 leku lfn'k

nks lfn'k a
→ vkSj b

→  leku lfn'k dgykrs gSa ;fn mu ds ifj.kke leku

gksa vFkkZr | a
→

| = | b
→

| rFkk ,d gh fn'kk esa gksa tSlk fd fp=k 34.4 esa
fn[kk;k x;k gSA

fp=k 34.3

fp=k 34.4

l

B

A

l

a

b

a
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ladsr :i esa bls a
→

 = b
→  }kjk n'kkZ;k tkrk gSA

fVIi.kh% nks lfn'k rc Hkh leku gks ldrs gSa] ;fn muds vk/kj dh js[kk,¡ fHkUu gksa ijUrq lekUrj gksaA

34.3.4  lefn'k lfn'k
lfn'k lefn'k dgykrs gSa] ;fn mudh fn'kk,¡ ,d gh gksa] mu dk

ifjek.k pkgs dqN Hkh gksA fp=k 34.5 esa] lfn'k  vkSj lfn'k

 lefn'k gSa ;|fi mu ds ifjek.k leku ugha gSaA
34.3.5  lfn'k dk ½.k

lfn'k  lfn'k  dk ½.k dgykrk gS] tc muds ifjek.k rks
leku gksa ijUrq fn'kk,¡ foijhr gksaA fp=k 34.6

vFkkZr~]

34.3.6 lg&vkfn lfn'k

nks ;k vf/d lfn'k lg&vkfn lfn'k dgykrs gSa] ;fn mudk vkfn
fcUnq ,d gh gksA

layXu fp=k 34.7 esa] ,  vkSj  ,d gh fcUnq A  okys
lg&vkfn lfn'k gSaA

34.3.7 lajs[k lfn'k
lfn'k lajs[k gksrs gSa] ;fn og ,d gh js[kk ds lekUrj gksa] pkgs muds

ifjek.k dqN Hkh gksaA layXu fp=k 34.8 esa] lfn'k ,   vkSj

 lajs[k lfn'k gSaA lfn'k  vkSj  Hkh lajs[k gSaA

A B C D

FE

fp=k 34.8

34.3.8 leryh; lfn'k

os lfn'k leryh; lfn'k dgykrs gSa] tks ,d gh ry ds lekUrj

gksrs gSaA layXu fp=k 34.9 esa] lfn'k a , b , c
→ → →

vkSj d
→

 leryh;

gSaA ;gk¡ ij a , b
→ →

vkSj c
→
 rks ,d gh ry esa gaaS tcfd lfn'k

d
→
] lfn'kksa a , b

→ →
 rFkk c

→
 ds ry ds lekUrj ry esa fLFkr gSA

fVIi.kh% (i)  ,d 'kwU; lfn'k dks fdlh Hkh lfn'k ds lajs[k cuk;k tk ldrk gSA

(ii) dksbZ nks lfn'k lnk leryh; gksrs gSaA

fp=k 34.6

fp=k 34.7

fp=k 34.5

fp=k 34.9

A

B

C

D

A

A

B

B

C

D

BA

a

b

c

d
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mnkgj.k 34.1. fuEu esa ls dkSu&dkSu vfn'k gSa rFkk dkSu&dkSu lfn'k gSa\ dkj.k nhft,A

(a) nzO;eku (b) Hkkj (c) laosx

(d) rkieku (e) cy (f) ?kuRo

gy % (a), (d) vkSj (f) vfn'k gSa] D;ksafd buds dsoy ifjek.k gSaA

(b), (c) vkSj (e) lfn'k gSa] D;ksafd buds ifjek.k vkSj fn'kk nksuksa gSaA

mnkgj.k 34.2.  vkys[k }kjk iznf'kZr dhft, %

(a) 40N dk ,d cy] ftldh fn'kk iwoZ ds mÙkj esa 60° gSA

(b) 30N dk ,d cy] ftldh fn'kk mÙkj ds iwoZ esa 40° gSA

gy %  (a) N
40 N

W E
60°

20N

S

  ( b) N

30 N

W E

40°

S

fp=k 34.10 fp=k 34.11

    ns[ksa vkius fdruk lh[kk 34.1

1. fuEu esa ls dkSu lh jkf'k vfn'k gS\

(a) foLFkkiu (b) osx (c) cy (d) yEckbZ

2. fuEu esa ls dkSu lh jkf'k lfn'k gS\

(a) nzO;eku (b) cy (c) le; (d) rkika'k

3. vkidks ,d 5 lseh dk foLFkkiu lfn'k fn;k x;k gS] tks iwoZ dh vksj gSA fp=k }kjk laxr
½.k lfn'k fn[kkb;sA

4. lefn'k lfn'kksa rFkk leku lfn'kksa esaa vUrj crkb;sA

5. vkys[k }kjk iznf'kZr dhft,%

(a) 60 U;wVu dk ,d cy ftldh fn'kk mÙkj ds if'pe esa 60° gSA

(b) 100  U;wVu dk ,d cy ftldh fn'kk if'pe ds mÙkj esa 45° gSA

34.4 lfn'kksa dk ;ksx
vkius pkj ewy lfØ;k,¡ lh[kh gSaA ;s gSa & la[;kvksa esa (;ksx)] O;odyu] xq.kk vkSj HkkxA lfn'kksa
dk ;ksx (O;odyu)] la[;kvksa ds ;ksx (O;odyu) ls fHkUu gSA

okLro esa] nks lfn'kksa ds ifj.kkeh lfn'k dh ,d ladYiuk gS (;s nks osx ;k nks cy Hkh gks ldrs
gSaa)A ge budks fuEu mnkgj.k }kjk Li"V djsaxs %
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vkb;s ge ,d ukfod dk mnkgj.k ysrs gSa] tks viuh uko esa unh ikj djuk pkgrk gS rFkk vkjfEHkd
LFkku ds Bhd lkeus ,d LFkku ij igqapuk pkgrk gSA ;fn og fdukjs dh ykfEcd fn'kk esa pyuk
'kq: djrk gS] rks ikuh dk osx mls mlds ,sfPNd LFkku ls fHkUu LFkku ij ys tkrk gSA ;g mnkgj.k
nks osxksa ds izHkko ls rhljs osx dh mRifÙk gksuk n'kkZrk gS] ftls ifj.kkeh osx dgrs gSaA

vr% nks lfn'k] ftuds ifjek.k 3 vkSj 4 gSa] ;ksx djus ij laHko gS fd 7 ifjek.k dk ,d lfn'k
u nsaA ;g lfn'kksa dh fn'kkvksa vFkkZr~ muds chp ds dks.k ij fuHkZj djsxkA lfn'kksa esa ;ksx dh lafØ;k
lfn'kksa ds ;ksx ds f=kHkqt fu;e ds vuqlkj gksrh gSA

34.4.1 lfn'kksa ds ;ksx dk f=kHkqt fu;e

,d lfn'k ftldk izHkko nks lfn'kksa ds ifj.kkeh ;k la;qDr izHkko ds
cjkcj gks] bu lfn'kksa dk ;ksx ;k ifj.kkeh dgykrk gSA ;g lfn'kksa
ds ;ksx ds f=kHkqt fu;e }kjk fd;k tkrk gSA layXu fp=k 34.12 esa]

lfn'k  nks lfn'kksa  vkSj  ds ;ksx ;k ifj.kkeh ds leku
gSA bls ge fuEu izdkj ls fy[krs gSa %

 +  = 

;k a b
→ →

+ =  = c
→

vki ;g voyksdu dj ldrs gSaa fd lfn'k a
→

 dk vaO; fcUnq] lfn'k b
→

 dk vkfn fcUnq gS rFkk

lfn'k a b
→ →

+  dk vkfn fcUnq lfn'k a
→

 dk vkfn fcUnq gS vkSj budk vUr% fcUnq lfn'k b
→

 dk
vUr% fcUnq gSA

34.4.2  nks ls vf/d lfn'kksa dk ;ksx

layXu fp=k 34.13 esa] nks ls vf/d lfn'kksa dk ;ksx fn[kk;k x;k gSA

   
a b c d

→→ → →
+ + +

= 

= 

= 

= 

lfn'k  fn;s x;s lfn'kksa dk ;ksx ;k ifj.kkeh dgykrk gSA

34.4.3  lfn'kksa ds ;ksx dk lekUrj prqHkqZt fu;e

;kn dhft, fd nks lfn'k leku gksrs gSa] tc muds ifjek.k vkSj fn'kk ogh gkasA ijUrq ;s lekUrj
Hkh gks ldrs gSa (nsf[k;s fp=k 34.14)A

layXu fp=k esa] lekUrj prqHkqZt OABCls gesa izkIr gksrk gS]

ijUrq

∴

fp=k 34.13

fp=k 34.14

fp=k 34.12

B

O A

c

b

a

E
d

c

b

a
A

D

C

Ba

a

a b+

a b+ c+ d+ a b+ c+

C B

O
A

a
b

b
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tks fd lfn'kksa ds ;ksx dk lekUrj prqHkqZt fu;e gSA ;g fu;e gS %

;fn ,d lekUrj prqHkqZt dh nks vklUu Hkqtk,¡ nks lfn'kksa dks fu/kZfjr djrh gksa] rks muds
ifj.kkeh lfn'k dks vklUu Hkqtkvksa ds mHk;fu"B fcUnq ls gksdj tkus okyk fod.kZ fu/kZfjr
djsxkA

34.4.4  lfn'k dk ½.k

fdlh lfn'k a
→

 =  ds fy,] a
→

 dk ½.k lfn'k  }kjk fu/kZfjr gksrk gSA   dk ½.k ogh

lfn'k  gksxkA vr%] | | = | | = | a
→

| vkSj  = − . gksxkA ifjHkk"kk ls] ge ns[krs gSa fd

fdlh lfn'k a
→
 ds fy,] a ( a ) 0

→→ →
+ − =

34.4.5  nks fn;s x, lfn'kksa dk vUrj

nks fn;s x;s lfn'kksa a
→
vkSj b

→
 ds fy,] vUrj a

→
− b

→

dks lfn'k b
→

 ds ½.k vkSj lfn'k a
→
 dk ;ksx dgk

tkrk gSA vFkkZr~  a
→

− b
→

= a
→

 + (− b
→

) A

layXu fp=k esa] ;fn  = a
→
 rFkk oc b=

uur r

 gks] rks

lekUrj prqHkqZt OABC esa]  = a
→

vkSj  = − b
→

 gksxkA

∴  a
→

− b
→

mnkgj.k 34.3.  nks 'kwU;srj lfn'kksa dk ;ksx 'kwU; dc gksrk gS \

gy % nks 'kwU;srj lfn'kksa dk ;ksx 'kwU; rc gksrk gS] tc muds ifjek.k leku gksa] ijUrq os foijhr
fn'kkvksa esa gksaA

mnkgj.k 34.4.  fp=k }kjk fn[kkb;s fd a b b a
→ → → →

+ = +

gy % layXu fp=k 34.16 ls]

ifj.kkeh lfn'k

       a b
→ →

= + ....(i)

lekUrj prqHkqZt OABC dks iwjk dhft,A

 = b
→

,  = a
→

vkSj

       
b a
→ →

= + .....(ii)

∴      a b b a
→ → → →

+ = +   [(i) vkSj (ii) ls]

fp=k 34.15

fp=k 34.16

C B

O A

b

a

C B

O
A

b
b

a

a
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    ns[ksa vkius fdruk lh[kk 34.2

1. ,d lekUrj prqHkqZt ABCD ds fod.kZ ,d nwljs dks

 fcUnq O ij dkVrs gSaA lfn'kksa , ,  vkSj  dk

;ksx Kkr dhft,A

2. ,d f=kHkqt ABC dh ekfè;dk,¡ fcUnq O ij dkVrh gSaA

lfn'kksa ,  vkSj  dk ;ksx Kkr dhft,A

34.5 ,d fcUnq dk fLFkfr lfn'k

ge varfj{k esa dksbZ fcUnq O ysrs gSaA varfj{k esa fdlh fn;s x, fcUnq P dks O ls feykb, rFkk lfn'k

 izkIr dhft,A ;g lfn'k fcUnq P dk ewyfcUnq O ds lanHkZ esa
fLFkfr lfn'k dgykrk gSA vr%] varfj{k esa izR;sd fcUnq dk
ewyfcUnq ds lanHkZ esa ,d vf}rh; fLFkfr gksrk gSA foykser% ;fn gesa
,d ewyfcUnq O fn;k x;k gks rks O vkfn fcUnq ds izR;sd lfn'k ds
laxr ,d fcUnq gS] tks varfj{k esa bldk vaR; fcUnq gksxkA

,d lfn'k AB
uuur

 yhft,A ekuk O ewyfcUnq gSA

rc ⇒⇒⇒⇒

;k  vaR; fcUnq B dk fLFkfr lfn'k & vkfn fcUnq A  dk fLFkfr lfn'k

34.6 ,d lfn'k dk ,d vfn'k ls xq.ku

,d 'kwU;srj lfn'k a
→

 dk ,d vfn'k x 0≠  ds lkFk xq.kuiQy ,d lfn'k gksrk gS] ftldh yEckbZ

| x | | a |
→

 gksrh gS rFkk ftldh fn'kk ogh gksrh gS tks lfn'k a
→

 dh gS] ;fn x > 0 gS vkSj lfn'k

a
→
ls foijhr fn'kk gksrh gS] ;fn x < 0 gSA  lfn'k a

→
ds vfn'k x ls xq.kuiQy dks x a

→
⋅  ls O;Dr

fd;k tk ldrk gSA lfn'k a
→
vkSj vfn'k 0 dk xq.kuiQy lfn'k 

→
0  gksrk gSA

ifjHkk"kk ls] ;g fu"d"kZ fudyrk gS fd ,d 'kwU; lfn'k dk ,d 'kwU;srj vfn'k ls xq.kuiQy 'kwU;

lfn'k gksrk gSA vFkkZr~ x 0 0
→ →

⋅ =  rFkk 0 a 0
→ →

⋅ = .

lfn'kksa ds xq.ku ds fu;e % ;fn a
→
 vkSj b

→
 lfn'k gksa rFkk x vkSj y vfn'k gksa] rks

(i)     x(y a ) (x y) a
→ →

=

(ii) x a y a (x y) a
→ → →

+ = +

(iii) x a x b x ( a b )
→ → → →

+ = +

(iv) 0 a x 0 0
→ →→

+ =

fp=k 34.18

fp=k 34.17

fp=k 34.19

D C

A B

O

C

E

B
D

A

F

A

BO
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;kn dhft, fd nks lajs[k lfn'kksa dh fn'kk ogh gksrh gS] ijUrq ifjek.k fHkUu gks ldrs gSaA bldk vFkZ

;g gS fd lfn'k a
→
 rFkk 'kwU;srj lfn'k b

→
 lajs[k gSa] ;fn vkSj dsoy ;fn ,d vfn'k la[;k x

,slh gks fd

a x b
→ →

=

 izes; 34.1  nks lfn'kksa a
→

 vkSj b
→
 ds lajs[k gksus ds fy, ,d vko';d vkSj i;kZIr izfrcU/ gS

fd nks ,slh vfn'k la[;k,¡ x vkSj y (nksuksa bdV~Bs 'kwU; ugha) gksa] ftlls fd x a y b 0
→→ →

+ = gksaA
miifÙk % izfrcU/ vko';d gS

ekuk a
→
 vkSj b

→
 laajs[k gSaA

ekuk ,d vfn'k la[;k  l gS] ftlls a b
→ →

= l gSA

vFkkZr~ a ( ) b 0
→→ →

+ − =l

geus nks vfn'k la[;k,¡ ( )x 1=  vkSj ( )y = −l <wa< yh gSaa] ftlls x a y b 0
→→ →

+ =  gSA è;ku nhft,
fd vfn'k 1 'kwU;srj gSA
izfrcU/ i;kZIr gS

vc ;g fn;k x;k gS fd x a y b 0
→→ →

+ =  vkSj bdV~Bs x 0≠ , y 0≠ gSA

eku yhft, y 0≠  gSA

∴
x

y b x a b a
y

→ → → →
= − ⇒ = − ] vFkkZr~ a

→
 vkSj b

→
 lajs[k gSaA

miizes;% nks lfn'k a
→

 vkSj b
→

 vlajs[k gSa] ;fn vkSj dsoy ;fn izR;sd lEcU/ x a y b 0
→→ →

+ = ls
x = 0 vkSj y = 0 izkIr gksaA

[ladsr% ;fn x vkSj y esa ls dksbZ ,d 'kwU;srj gS] *ekuk y', rks 
x

b a
y

→ →
= − , tks fojks/kHkkl gS]

mnkgj.k 34.5.  og la[;k x  Kkr dhft, ftlls 'kwU;srj lfn'k a
→
 dks xq.kk djus ij

(i)  â (ii) â−  izkIr gksA

gy%  (i) ˆx a a
→

= , vFkkZr~     ˆ ˆx | a | a a
→

=

⇒        
1

x
| a |

→=

(ii)     ˆx a a
→

= − , vFkkZr~    ˆ ˆx | a | a a
→

= −

⇒         

1
x

| a |
→= −

mnkgj.k 34.6.  lfn'k a
→
vkSj b

→
 lajs[k ugha gSA ,slh la[;k x Kkr dhft,] ftlls lfn'k

c (x 2) a b
→ → →

= − +  vkSj d (2x 1) a b
→ → →

= + −  lajs[k gks tk;saA

gy % c
→

 'kwU;srj gS] D;ksafd b dk xq.kkad 'kwU;srj gSA

∴ ,d la[;k  y gS] ftlls d y c
→ →

= gksxkA
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vFkkZr~ (2x 1) a b y (x 2) a y b
→ → → →

+ − = − +

∴ (yx 2y 2x 1) a (y 1) b 0
→ →

− − − + + =

a
→
vkSj b

→
 vlajs[k gSaA

∴ yx 2y 2x 1 0− − − =  vkSj  y + 1 = 0

gy djus ij] y 1= −  vkSj 
1

x
3

=  izkIr gksxkA

∴
5

c a b
3

→ → →
= − +  vkSj  

5
d a b

3

→ → →
= −

ge ns[k ldrs gSa fd c
→

 vkSj d
→

 foijhr lfn'k gSaA vr% ;s lajs[k gSaA

mnkgj.k 34.7.   nks fcUnqwvksa A rFkk B ds fLFkfr lfn'k Øe'k% 2 a 3 b
→ →

+  rFkk 3 a b
→ →

+  gSaA 

Kkr dhft,A

gy % ekuk O  lanHkZ dk ewyfcUnq gSA

rc     = B dk fLFkfr lfn'k &A dk fLFkfr lfn'k

=  − 

(3 a b ) (2 a 3 b )
→ → → →

= + − +

(3 2) a (1 3) b
→ →

= − + − a 2 b
→ →

= −

mnkgj.k 34.8.   fn[kkb, fd fcUnq P,Q rFkk R, ftuds fLFkfr lfn'k Øe'k% a 2 b
→ →

− , 2 a 3 b
→ →

+

rFkk 7 b
→

−  gSa] lajs[k gSaA

gy %  = Q dk fLFkfr lfn'k & P dk fLFkfr lfn'k

(2 a 3 b ) ( a 2 b )
→ → → →

= + − −

a 5 b
→ →

= + ....(i)

rFkk  = R dk fLFkfr lfn'k & Q dk fLFkfr lfn'k

7 b (2 a 3 b )
→ → →

= − − +

7 b 2 a 3 b
→ → →

= − − −

2 a 10 b
→ →

= − −

2( a 5 b )
→ →

= − + ....(ii)

(i) rFkk (ii) ls] gesa  QR 2PQ= −
uuur uuur

 feyrk gS] tks  dk ,d vfn'k xq.kt gSA

∴  | | 

ijUrq Q ,d mHk;fu"B fcUnq gSA

∴  rFkk  lajs[k gSaA vr% P,Q ,Q rFkk R lajs[k gSaA



xf.kr 411

lfn'k

ekWM~;wy - IX

lfn'k ,oa
f=kfoeh;
T;kfefr

fVIi.kh

  ns[ksa vkius fdruk lh[kk 34.3

1. fn, x, ewyfcUnq ds lanHkZ esa nks fcUnqvksa A vkSj B ds fLFkfr lfn'k Øe'k% a
→
 vkSj b

→
 gSaA

lfn'k   Kkr dhft,A

2. fuEufyf[kr esa ls izR;sd dh O;k[;k dhft, %

(i) 3a
→

(ii) 5 b
→

−

3. fcUnqvksa A,B,C rFkk D ds fLFkfr lfn'k Øe'k% 2 a
→

, 3 b
→

, 4 a 3 b
→ →

+  rFkk a 2 b
→ →

+  gSaA

 rFkk  Kkr dhft,A

4. lfn'k n
→

 vkSj vfn'k y ds xq.kuiQy dk ifjek.k Kkr dhft,A

5. crkb;s fd ,d lfn'k dks ,d vfn'k ls xq.kk djus ij lfn'k izkIr gksxk ;k vfn'kA

6. nks lfn'kksa p
→

 vkSj q
→

 ds lajs[k gksus ds fy, izfrcU/ fyf[k,A

7. fn[kkb, fd fcUnq ftuds fLFkfr lfn'k Øe'k% 5 a 6 b
→ →

+ , 7 a 8 b
→ →

−  rFkk 3 a 20 b
→ →

+  gSa]
lajs[k gksaxsaA

34.7 lfn'kksa dh leryh;rk

;fn nks valjs[k lfn'k a
→

 vkSj b
→

 fn;s x, gksa] rks mudks ,d
ry esa j[kk tk ldrk gSA ;gk¡ ij (ry esa) lfn'k ,d nwljs
dks izfrPNsn djassxsA ge mudk mHk;fu"B fcUnq O ysrs gSa rFkk

nksuks lfn'kksa dks   vkSj  ekurs gSaA ;fn a
→

 vkSj b
→
 ds

leryh; rhljk lfn'k c
→  fn;k x;k gks] rks ge bldk vkfn

fcUnq Hkh O dks pqu ldrs gSaA ekuk C bldk vaR; fcUnq gSA

lfn'k  dks fod.kZ ysdj lekUrj prqHkqZt dks iwjk dhft,A

bl dh vklUu Hkqtk,¡ a
→

 vkSj b
→
 gSaA

∴ c a m b
→ → →

= +l

bl izdkj] a
→

 vkSj b
→
 ds leryh; dksbZ lfn'k c

→
, a

→
 vkSj b

→
 ds jSf[kd la;kstu ds :i esa O;Dr

fd;k tkrk gSA  vFkkZr~] c a m b
→ → →

= +l

34.8 ,d lfn'k dk nks ykfEcd v{kksa ds vuqfn'k fo;kstu

nks ijLij yEc ,dd lfn'k î  vkSj ĵ  nks ijLij yEc v{kksa OX vkSj OY ds vuqfn'k yhft,A

geus ns[kk gS fd fdlh lfn'k r
→
 dks tks fd î  vkSj ĵ  ds ry esa gS] ˆ ˆxi yj+  ds :i esa O;Dr

fd;k tk ldrk gSA

∴ ˆ ˆr xi yj
→

= +

fp=k 34.20

B C

AO

la

mb

c

a

b
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;fn O lfn'k r
→
 dk vkfn fcUnq gS] rc OM = x

vkSj ON = Y (fp=k 34.21) A

 vkSj  lfn'k r
→
 ds x-v{k vkSj y-v{k ds

vuqfn'k ?kVd dgykrs gSaA bl fo'ks"k O;oLFkk esa]

 vkSj  dks lfn'k r
→
 ds fo;ksftr Hkkx

Hkh dgrs gSaA

34.9 ,d lfn'k dk rhu foekvksa esa rhu ijLij ykfEcd v{kksa
 ds vuqfn'k fo;kstu

,d lfn'k dh rhu foekvksa esa rhu ijLij ykfEcd v{kksa ds vuqfn'k fo;kstu dh ladYiuk] ,d
lfn'k ds ry esa nks ykfEcd v{kksa ds vuqfn'k fo;kstu dk ,d foLrkj gSA

varfj{k esa fdlh lfn'k r
→
dks rhu ijLij ykfEcd

v{kksa ds vuqfn'k ,dd lfn'kksa î , ĵ  vkSj k̂  ds
jSf[kd la;kstu ds :i esa O;Dr fd;k tk ldrk gS]
tSls fd fp=k 34.22 esa fn[kk;k x;k gSA

ge ledksf.kd lekarj"kViQyd dks iwjk dj ysrs gSaA

blesa fod.kZ  = r
→

rc] ˆ ˆ ˆr xi yj zk
→

= + +

x î , y ĵ  vkSj z k̂  lfn'k r
→
 ds rhu ijLij ykfEcd

v{kksa ds vuqfn'k fo;ksftr Hkkx dgykrs gSaA

bl izdkj] vkdk'k esa fdlh lfn'k r
→
 dks rhu ijLij ykfEcd ,dd lfn'kksa î , ĵ  vkSj k̂ds

jSf[kd la;kstu ds :i esa O;Dr fd;k tk ldrk gSA

fp=k 34.21 esa] 2 2 2OP OM ON= +  (nks foekvksa esa)

vFkkZr~  
2 2 2r x y

→
= + ......(i)

vkSj fp=k 34.22 esa]
2 2 2 2OP OA OB OC= + +

    2 2 2 2r x y z
→

= + + .......(ii)

fLFkfr (i) esa] r
→
 dk ifjek.k 2 2| r | x y

→
= = +

fLFkfr (ii) esa] r
→
 dk ifjek.k 2 2 2| r | x y z

→
= = + +

fp=k 34.21

fp=k 34.22

Y

N

O
M

X

Z

C B′

P
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xi xj

X

Y
B

r
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fVIi.kh% ;fn rhu vleryh; lfn'k a
→

, b
→
 vkSj c

→
 (vko';d ugha ;s ykfEcd ,dd lfn'k

gksa) fn;s x, gksa] rks dksbZ lfn'k d
→

  lfn'k a
→

, b
→
 vkSj c

→
 ds jSf[kd la;kstu vFkkZr~

d x a y b z c
→ → → →

= + +  ds :i esa O;Dr fd;k tk ldrk gSA

mnkgj.k 34.9.   10 U;wVu dk ,d lfn'k iwoZ ds 30° mÙkj esa gSA mlds iwoZ vkSj mÙkj fn'kk ds

vuqfn'k ?kVd Kkr dhft,A

gy % ekuk î vkSj ĵ  v{kksa OX vkSj OY (Øe'k%
iwoZ vkSj mÙkj) ds vuqfn'k ,dd lfn'k gSaA

OP dk OX vkSj OY dh fn'kk esa fo;kstu djus ij]

∴     =  + 

    = 10 cos 30° î +10 sin 30° ĵ

    
3 1ˆ ˆ10. i 10. j

2 2
= +

    ˆ ˆ5 3 i 5 j= +

iwoZ fn'kk ds vuqfn'k ?kVd 5 3= U;wVu

vkSj mÙkj fn'kk ds vuqfn'k ?kVd = 5 U;wVu

mnkgj.k 34.10.  fn[kkb;s fd fuEu lfn'k leryh; gSa%

a 2 b
→ →

− , 3 a b
→ →

+  vkSj a 4 b
→ →

+

gy % lfn'k leryh; gksaxs] ;fn nks vfn'k xvkSj y bl izdkj ds gksa fd

a 4 b x( a 2 b ) y(3 a b )
→ → → → → →

+ = − + +

    (x 3y) a ( 2x y) b
→ →

= + + − + .....(i)

(i) ds nksuksa i{kksa esa a
→

 vkSj b
→

 ds xq.kkadkas dh rqyuk djus ij]

x 3y 1+ =  vkSj 2x y 4− + =

x vkSj y ds fy, gy djus ij] 
11

x
7

= −   vkSj 
6

y
7

=  izkIr gksrk gSA

D;ksafd a 4 b
→ →

+  dks a 2 b
→ →

−  rFkk 3 a b
→ →

+  ds jSf[kd la;kstu ds :i esa O;Dr fd;k tk ldrk
gS] blfy, rhuksa lfn'k leryh; gSaA

mnkgj.k 34.11.  fn;k x;k gS 1
ˆ ˆ ˆr i j k

→
= − +  vkSj 2

ˆ ˆ ˆr 2i 4 j 3k
→

= − −  fuEu ds ifjek.k Kkr

dhft, % (a) 1r
→

(b) 2r
→

(c) 1 2r r
→ →

+ (d) 1 2r r
→ →

−

gy % (a) 2 2 2
1

ˆ ˆ ˆ| r | | i j k | 1 ( 1) 1 3
→

= − + = + − + =

fp=k 34.23

30°

O
i M

X iwoZ

P
N

Y mÙkj

^

ĵ
10 U;wVu
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(b) ( )22 2
2| r | 2 ( 4) 3 29

→
= + − + − =

(c)  1 2
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆr r (i j k) (2i 4 j 3k) 3i 5j 2k

→ →
+ = − + + − − = − −

∴    ( )22 2
1 2

ˆ ˆ ˆ| r r | | 3i 5j 2k | 3 ( 5) 2 38
→ →

+ = − − = + − + − =

(d)  
1 2

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆr r (i j k) (2i 4 j 3k) i 3j 4k
→ →

− = − + − − − = − + +

∴     2 2 2
1 2

ˆ ˆ ˆ| r r | | i 3j 4k | ( 1) 3 4 26
→ →

− = − + + = − + + =

mnkgj.k 34.12.  nks lfn'kksa ˆ ˆ ˆa 3i 2 j 4k
→

= + −  vkSj ˆ ˆ ˆb i j 2k
→

= + +  ds ifj.kkeh lfn'k ds

lekUrj ,dd lfn'k Kkr dhft,A

gy % ifj.kkeh lfn'k ˆ ˆ ˆ ˆ ˆ ˆR a b (3i 2 j 4k) (i j 2k)
→ → →

= + = + − + + +

     = ˆ ˆ ˆ4i 3j 2k+ −

ifj.kkeh lfn'k R
→  dk ifjek.k 2 2 2| R | 4 3 ( 2) 29

→
= + + − =

∴ ifj.kkeh lfn'k ds lekUrj ,dd lfn'k

R 1 4 3 2ˆ ˆ ˆ ˆ ˆ ˆ(4i 3j 2k) i j k
29 29 29 29

| R |
→

= = + − = + −

mnkgj.k 34.13.  r s
→ →

−  fn'kk esa ,dd lfn'k Kkr dhft,] tcfd

ˆ ˆ ˆr i 2j 3k
→

= + −  rFkk  ˆ ˆ ˆs 2i j 2k
→

= − +  gSA

gy %      ˆ ˆ ˆ ˆ ˆ ˆr s (i 2 j 3k) (2i j 2k)
→ →

− = + − − − + ˆ ˆ ˆi 3j 5k= − + −

∴          ( ) ( ) ( )2 2 2
| r s | 1 3 5 35

→ →
− = − + + − =

∴  ( r s )
→ →

− dh fn'kk esa ,dd lfn'k
1 ˆ ˆ ˆ( i 3j 5k)
35

= − + −
1 3 5ˆ ˆ ˆi j k
35 35 35

= − + −

mnkgj.k 34.34.  2 a 3 b
→ →

+  dh fn'kk esa ,dd lfn'k Kkr dhft,] tcfd ˆ ˆ ˆa i 3j k
→

= + +

rFkk ˆ ˆ ˆb 3i 2 j k
→

= − −  gSA

gy % ˆ ˆ ˆ ˆ ˆ2 a 3 b 2 (i 3j k) 3 (3i 2 j k)
→ →

+ = + + + − −

     ˆ ˆ ˆ ˆ ˆ(2i 6 j 2k) (9i 6 j 3k)= + + + − − = ˆ ˆ11i k− .

∴       2 2| 2 a 3 b | (11) ( 1) 122
→ →

+ = + − =

∴  (2 a 3 b )
→ →

+   dh fn'kk esa ,dd lfn'k 
11 1ˆ ˆi k
122 122

= −
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mnkgj.k 34.15.  fn[kkb;s fd fuEu lfn'k leryh; gSa %

4 a 2 b 2 c ,
→ → →

− −  2 a 4 b 2 c
→ → →

− + −  vkSj 2 a 2 b 4 c
→ → →

− − + , tcfd a
→

, b
→  vkSj c

→
 rhu

vleryh; lfn'k gSaA

gy % ;fn ;s lfn'k leryh; gSa] rks buesa ls ,d dks vU; nksuks lfn'kksa ds jSf[kd la;kstu ds :i
esa O;Dr fd;k tk ldrk gSA

ekuk 2 a 2 b 4 c x (4 a 2 b 2 c ) y ( 2 a 4 b 2 c )
→ → → → → → → → →

− − + = − − + − + − gSA

tcfd x vkSj y vfn'k gSaA

nksuksa i{kksa esa a
→

, b
→  vkSj c

→
 ds xq.kkadksa dh rqyuk djus ij]

4x 2y 2− = − , 2x 4y 2− + = −  vkSj 2x 2y 4− − =

;s rhuksa lehdj.k x 1, y 1= − = −  ds fy, larq"V gksrs gSaA

bl izdkj 2 a 2 b 4 c ( 1) (4 a 2 b 2 c ) ( 1) ( 2 a 4 b 2 c )
→ → → → → → → → →

− − + = − − − + − − + −

vr% fn;s x;s rhuksa lfn'k leryh; gSaA

  ns[ksa vkius fdruk lh[kk 34.4

1. lfn'k a
→

, b
→  vkSj c

→
 ds leryh; gksus ds fy, izfrcU/ fyf[k,A

2. ifj.kkeh lfn'k r
→
 Kkr dhft, ftlds nks vk;rkdkj dkrhZ; funsZ'kkad v{kksa ds vuqfn'k

?kVd Øe'k% 3 vkSj 4 bdkbZ gksaaA

3. layXu fp=k esa] | OA | = 4,  | OB | = 3 vkSj | OC | = 5

OP dks ?kVd lfn'kksa ds :i esa O;Dr dhft,A

4. ;fn 1
ˆ ˆ ˆr 4i j 4k

→
= + − , 2

ˆ ˆ ˆr 2i 2 j 3k
→

= − + +

vkSj 3
ˆ ˆ ˆr i 3j k

→
= + −  gks] rks fn[kkb;s fd

1 2 3| r r r | 7
→ → →

+ + =

5. lfn'kksa ˆ ˆ ˆa 2i 4j 5k
→

= + −  vkSj ˆ ˆ ˆb i 2j 3k
→

= + +  ds ifj.kkeh lfn'k ds lekUrj ,dd
lfn'k Kkr dhft,A

6. 3 a 2 b
→ →

−  dh fn'kk esa ,d lfn'k Kkr dhft,] tcfd ˆ ˆ ˆa i j k
→

= − −  rFkk
ˆ ˆ ˆb i j k

→
= + + gSA

7. fn[kkb;s fd fuEu lfn'k leryh; gSa%

3 a 7 b 4 c
→ → →

− − , 3 a 2 b c
→ → →

− +  vkSj a b 2 c
→ → →

+ + ] tcfd a
→

, b
→  vkSj c

→
 rhu

vleryh; lfn'k gSaA

fp=k 34.24

Y
B

P

C

Z

O

A

X
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34.10 foHkktu lw=k

;kn dhft, fd varfj{k esa fdlh fcUnq P dk ewyfcUnq O ds lanHkZ esa fLFkfr lfn'k r
→

= gksrk gSA

vkxs vkus okyh iafDr;ksa esa ge ,sls fcUnq dk fLFkfr lfn'k Kkr djus dk iz;kl djsaxss] tks nks fcUnqvksa
dks feykus okys js[kk[k.M dks m : n ds vUr% vuqikr esa foHkkftr djrk gSA

A m P n B

O

b
ra

fp=k 34.25

eku yhft, A vkSj B nks fcUnq gSa rFkk muds ewyfcUnq O ds lanHkZ esa fLFkfr lfn'k Øe'k% a
→
 vkSj

b
→
 gaSA

vr% = a
→  vkSj  = b

→

eku yhft, fd fcUnq P js[kk[k.M AB dks m : n ds vUr% vuqikr esa foHkkftr djrk gSA

vFkkZr~~   
AP m

PB n
= ;k, n   =  m ....(i)

D;ksafd n   =  m

∴ n (  − ) =  m (  − )

;k     (m + n)  =  m  + n

;k        = 

;k m b n a
r

m n

→ →
→ +

=
+

,

tcfd r
→
 fcUnq P dk ewyfcanq O ds lanHkZ esa] fLFkfr lfn'k gSA

miizes; 1% ;fn 
m

1
n

=  ⇒  m = n gS] rc fcUnq P  js[kk[k.M AB dk eè;&fcUnq gks tkrk gSA

∴nks fcUnqvksa dks feykus okys js[kk[k.M ds eè; fcUnq dk fLFkfr lfn'k 
1

2
 ( a

→
+ b

→
) gksrk gS]

tcfd a
→
 vkSj b

→
 mu fcUnqvksa ds Øe'k% fLFkfr lfn'k gSaA

miizes; 2% fcUnq P ds fLFkfr lfn'k dks bl izdkj fy[kk tk ldrk gS]
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m
a b

a k bnr
m 1 k

1
n

→ →
→ →

→
+ +

= =
++

, .....(ii)

tcfd m
k

n
= , k 1≠ − gSA

(ii) ls ge ml fcUnq dk fLFkfr lfn'k ikrs gSa] tks nks fcUnqvksa] ftuds fLFkfr lfn'k a
→
 vkSj b

→

gSa] dks feykus okys js[kk[k.M dks k : 1 ds vuqikr esa foHkkftr djrk gSA

miizes; 3% ml fcUnq P dk fLFkfr lfn'k] tks nks fcUnqvksa dks m : n ds cká vuqikr esa foHkkftr
djrk gS] fuEu gS %

n a m b
r

n m

→ →
→ −

=
−

tcfd a
→
 vkSj b

→
 mu fcUnqvksa ds fLFkfr lfn'k gSaA

ladsr% ;g foHkktu −m : n  ds vuqikr esa gSA

mnkgj.k 34.16.  ml fcUnq dk fLFkfr lfn'k Kkr dhft,] tks nks fcUnqvksa ftuds fLFkfr lfn'k x
→

vkSj y
→ gSa] dks feykus okys js[kk[k.M dks 2 : 3  ds vUr% vuqikr esa foHkkftr djrk gSA

gy % ekuk vHkh"V fcUnq dk fLFkfr lfn'k r
→ gSA

∴
3 x 2 y 1

r (3 x 2 y )
3 2 5

→ →
→ → →+

= = +
+

mnkgj.k 34.17.  js[kk[k.M AB ds eè;&fcUnq dk fLFkfr lfn'k Kkr dhft,] ;fn A rFkk B ds fLFkfr

lfn'k Øe'k% x 2 y
→ →

+  rFkk 2 x y
→ →

−  gSaA

gy % AB ds eè;&fcUnq dk fLFkfr lfn'k

( x 2 y ) (2 x y )

2

→ → → →
+ + −

=
3 1

x y
2 2

→ →
= +

 mnkgj.k 34.18  ,d f=kHkqt ABC ds 'kh"kksZa A,B rFkk C ds fLFkfr lfn'k Øe'k% a
→

, b
→  rFkk c

→

gSaA ABC∆  ds dsUnzd dk fLFkfr lfn'k Kkr dhft,A

gy% ekuk D, ABC∆  dh Hkqtk BC dk eè;&fcUnq gSA

ekuk G, ABC∆  dk dsUnzd gSA rc G js[kk[k.M AD dks 2 : 1 esa

foHkkftr djrk gS] vFkkZr~ AG : GD = 2 : 1.A

vc D dk fLFkfr lfn'k b c

2

→ →
+

=

∴  G dk fLFkfr lfn'k gS
b c

2 1 a
2

2 1

→ →
→+

⋅ + ⋅
=

+
 a b c

3

→ → →
+ +

=

fp=k 34.26

A(  ) a

C(  ) cB(  ) b

2

G

1

D
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  ns[ksa vkius fdruk lh[kk 34.5

1. fcUnq C dk fLFkfr lfn'k Kkr dhft,] ;fn ;g AB dks

(i) 
1 1

:
2 3

 ds vuqikr esa foHkkftr djrk gS] (ii) 2 : 3−  ds vuqikr esa foHkkftr djrk gS]

tcfd ;g fn;k x;k gS fd A vkSj B ds fLFkfr lfn'k Øe'k% a
→
 vkSj b

→
 gSaA

2. og fcUnq Kkr dhft, tks P( p )
→  vkSj Q( q )

→  dks feykus okys js[kk[k.M dks 3 : 4 ds vUr%
vuqikr esa foHkkftr djrk gSA

3. js[kk[k.M CD fcUnqvksa P vkSj Q   ls  lef=kHkkftr gksrk gSA ;fn fcUnqvksa C vkSj D ds fLFkfr

lfn'k Øe'k% c
→
 vkSj d

→
 gksa] rks lef=kHkktu djus okys fcUnqvksa ds fLFkfr lfn'k Kkr

dhft,A
4- lfn'k dh lgk;rk ls fl¼ dhft, fd f=kHkqt dh efè;dk,a laxkeh gksrh gSaA
5- lfn'k dh lgk;rk ls fl¼ dhft, fd fdlh f=kHkqt dh fdUgha nks Hkqtkvksa dk ekè; fcanqvksa

dks feykus okyk js[kk [kaM rhljh Hkqtk ds lekarj o mldk vk/k gksrk gSA

34-11 lfn'k ds fnd&dkslkbu

layXu vkd̀fr esa] AB
uuur

 varfj{k esa ,d lfn'k gS vkSj OP
uuur

, fcUnq P(x, y, z), dk fLFkfr lfn'k bl izdkj

gS fd OP
uuur

 || AB
uuur

. eku yhft, OP
uuur

, x, y ,oa z v{kksa dh /kukRed fn'kkvksa ds lkFk Øe'k% α, β ,oa

γ dks.k cukrk gSA α, β ,oa γ lfn'k OP
uuur

 ds fnd~ dks.k vkSj cos α, cos β ,oa cos γ fnd~ dkslkbu
dgykrs gSaA

AO

γ
β

α

A

By

x

z

P( )x,y,z

fp= 34-27fp= 34-27fp= 34-27fp= 34-27

D;ksafd OP
uuur

 || AB
uuur

gS] blfy, cosα, cosβ ,oa cosγ, AB
uuur

 ds Hkh fnd~&dkslkbu gSA

fdlh lfn'k }kjk x, y ,oa z v{kksa dh /kukRed fn'kkvksa ds lkFk cus dks.kksa ds dkslkbu]
ml lfn'k ds fnd~&dkslkbu dgykrs gSaA

� ;fn OP
uuur

 dh fn'kk dks myVk dj fn;k tk,] rks ge ns[krs gSa fd PO
uuur

, x, y ,oa z

v{kksa dh /kukRed fn'kkvksa ds lkFk Øe'k% π – α, π – β ,oa π – γ dks.k cukrk gSA
blfy, cos(π – α) = –cos α, cos (π – β) = – cos β and cos(π – γ) = –cos γ, PO

uuur

ds fnd~& dkslkbu gSaA okLro esa varfj{k esa fdlh Hkh lfn'k dks nks fn'kkvksa esa c<+k;k
tk ldrk gS blfy, izR;sd lfn'k ds fnd~~&dkslkbu ds nks lewg gksrs gSaA ;fn (cosα,

cosβ, cosγ) fnd~&dkslkbu dk ,d lewg gS rks (–cosα, –cosβ, –cosγ) nwljk lewg
gksxkA fdlh Hkh lfn'k ds fnd~&dkslkbu ds ,d lewg dks ysuk gh i;kZIr gSA
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� lkekU;r% ,d lfn'k ds fnd~&dkslkbu dks l, m ,oa n ls O;Dr fd;k tkrk gSA nwljs
'kCnksa esa l = cos α, m = cos β ,oa n = cos γ.

� D;ksafd OX
uuur

 v{kksa OX
uuur

, OY
uuur

 ,oa OZ
uuur

 ds lkFk Øe'k% 0°, 90°, ,oa 90° dks.k cukrk gS(
blfy, cos 0°, cos 90°, cos 90° vFkkZr 1, 0, 0, x-v{k ds] fn~d&dkslkbu gSaA nh xbZ
vkd`fr esa] eku yhft,

| |OP
uuuur

 = r vkSj PA  ⊥ OX.

vc ledks.k f=Hkqt ∆OAP esa] 
OA

OP
 = cos α

i.e. OA = OP cos α  i.e.  x = r.l  ⇒  x = l r

blh izdkj y ,oa z v{kksa ij yEc [khapdj ge y = mr ,oa z = nr izkIr dj ldrs gSaA

vc x2 + y2 + z2 = 2 2 2 2( )r l m n+ + ...(i)

ijUrq | |OP
uuur

 = 2 2 2
x y z+ +  vFkok 2| |OP

uuur
 = 

2 2 2
x y z+ +  = r2

blfy, (i) l2 + m2 + n2 = 1

blds vfrfjDr] l = 
x

r
, m = 

y

r
, n = 

z

r

vFkkZr~ l = 
2 2 2

x

x y z+ +
, m = 

2 2 2

y

x y z+ +
, n = 

2 2 2

z

x y z+ +

vr%] ;fn P(x, y, z), varfj{k esa ,d fcUnq gS] rks OP
uuur

 ds fnd~&dkslkbu

2 2 2

x

x y z+ +
, 

2 2 2

y

x y z+ +
, 

2 2 2

z

x y z+ +
 gSaA

34-11-1 nks fcUnqvksa dks feykus okys lfn'k ds fnd~&dkslkbu

layXu vkd`fr esa] P(x
1
, y

1
, z

1
) ,oa Q(x

2
, y

2
, z

2
) dks feykdkj lfn'k PQ

uuur
 cuk;k x;k gSA ;fn ge

funsZ'kkad v{kksa dh fn'kk dks ifjofrZr fd, fcuk ewy fcUnq dks fcUnq P(x
1
,y

1
,z

1
) ij LFkkukarfjr dj

nsa] rks fcUnq Q ds funsZ'kkad (x
2
 – x

1
, y

2
 – y

1
, z

2
 – z

1
) gks tkrs gSaA blfy, PQ

uuur
 ds fnd~&dkslkbu

2 1

2 2 2
2 1 2 1 2 1

,
( ) ( ) ( )

x x

x x y y z z

−

− + − + −
 

2 1

2 2 2
2 1 2 1 2 1

,
( ) ( ) ( )

y y

x x y y z z

−

− + − + −

2 1

2 2 2
2 1 2 1 2 1( ) ( ) ( )

z z

x x y y z z

−

− + − + −  gSaA
y

x

z

P

Q

(
,

,
)

x
 y

 z

1
1

1

(
,

,
)

x
 y

 z

2
2

2

fp= 34-28fp= 34-28fp= 34-28fp= 34-28
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34-11-2 lfn'k ds fnd~&vuqikr

,slh rhu okLrfod la[;k,¡ tks lfn'k ds fnd~&dkslkbuksa ds lekuqikrh gSa] lfn'k ds
fnd~&vuqikr dgykrh gSaA eku yhft, l, m, n ,d lfn'k ds fnd~&dkslkbu vkSj a, b, c

fnd~&vuqikr gSa]

rks]  
a b c

l m n
= = = λ  (eku yhft,)

⇒ , ,a l b m c n= λ = λ = λ

∴ 2 2 2 2 2 2 2( )a b c l m n+ + = λ + +

⇒ λ2 = 
2 2 2

a b c+ +

vFkkZr~ λ = 2 2 2
a b c± + +

∴ l = 2 2 2 2 2 2 2 2 2
, ,

a b c
m n

a b c a b c a b c
± = ± = ±

+ + + + + +

� ;fn a, b, c fdlh lfn'k ds fnd~&vuqikr gSa rks izR;sd λ ≠ 0, ds fy, λa, λb ,oa λc

Hkh lfn'k ds fnd~&vuqikr gSaA vr% ,d lfn'k ds vuUr fnd~&vuqikr gksrs gSaA

� ;fn P(x,y,z) varfj{k esa ,d fcUnq gS] rks OP
uuur

 ds fnd~&vuqikr x, y, z gSaA

� ;fn P(x
1
, y

1
, z

1
) rFkk Q(x

2
, y

2
, z

2
) varfj{k esa nks fcUnq gSa] rks PQ

uuur
 ds fnd~&vuqikr

x
2
 – x

1
, y

2
 – y

1
, z

2
 – z

1
 gSaA

�
2 2 2

l m n+ +  = 1 ijUrq] O;kidr% 2 2 2
a b c+ +  ≠ 1.

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 34.19.   eku yhft, varfj{k esa ,d fcUnq P bl izdkj gS fd OP = 3  vkSj OP
uuur

 ,  x, y ,oa

z v{kksa dh /kukRed fn'kkvksa ds lkFk Øe'k% , ,
3 4 3

π π π
 dks.k cukrk gSA fcUnq P ds funsZ'kkad Kkr

dhft,A

gygygygy : OP
uuur

 ds fnd~&dkslkbu cos ,cos ,cos
3 4 3

π π π
 i.e. 

1 1 1
, ,

2 22

∴ fcUnq P ds funsZ'kkad x = 
1 3

3
2 2

lr = × =

y = 
1 3

3
2 2

mr = × =

z = 
1 3

3
2 2

nr = × =  gSaA

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 34.20.  ;fn P(1, 2, – 3) varfj{k esa ,d fcUnq gS] rks  OP
uuur

 ds fnd~&dkslkbu Kkr dhft,A
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gy gy gy gy : l =
2 2 2

1

14

x

x y z
=

+ +

m =
2 2 2

2

14

y

x y z
=

+ +

n =
2 2 2

3

14

z

x y z

−
=

+ +

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 34.21.  D;k 1 1 1
, ,

3 2 2

 
  

 fdlh lfn'k ds fnd~&dkslkbu gks ldrs gSa\

gygygygy : 

2 2 2
1 1 1 4

1
33 2 2

     
+ + = ≠         

blfy,
1 1 1

, ,
3 2 2

 fdlh lfn'k ds fnd~&dkslkbu ugha gks ldrsA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 34.22.  ;fn P(2, 3, –6) ,oa Q(3, –4, 5) varfj{k esa nks fcUnq gSa] rks ,OP QO
uuur uuur

 rFkk

PQ
uuur

 ds fnd~&dkslkbu Kkr dhft,] tcfd O ewy fcUnq gSA

gygygygy : OP
uuur

 ds fnd~&dkslkbu 
2 2 2 2 2 2 2 2 2

2 3 6
, ,

2 3 ( 6) 2 3 ( 6) 2 3 ( 6)

−

+ + − + + − + + −

i.e.
2 3 6

, ,
7 7 7

−
.

bl izdkj QO
uuur

 ds fnd~&dkslkbZu 
3 4 5

, ,
5 2 5 2 2

− −
 gSaA

PQ
uuur

 ds fnd~&dkslkbu] 
2 2 2

3 2

(3 2) ( 4 3) (5 6)

−

− + − − + +
,

2 2 2

4 3

(3 2) ( 4 3) (5 6)

− −

− + − − + +
, 

2 2 2

5 6

(3 2) ( 4 3) (5 6)

+

− + − − + +
 gSaA

vFkkZr
1 7 11

, ,
171 171 171

−
 gSaA

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 34.23.  ,d ,sls lfn'k ds fnd~&dkslkbu Kkr dhft, tks rhuksa v{kksa ds lkFk
leku dks.k cukrk gSA

gygygygy : eku yhft,] og lfn'k ,OX OY
uuur uuur

 rFkk OZ
uuur

 esa ls izR;sd ds lkFk α dks.k cukrk gSA

∴ 2 2 2cos cos cosα + α + α  = 1

vFkkZr cosα =
1

3
±

∴ ml lfn'k ds fnd~&dkslkbu 
1 1 1

, ,
3 3 3

 
  

 gSaA



422

lfn'k

xf.kr

ekWM~;wy - IX

lfn'k ,oa
f=kfoeh;
T;kfefr

fVIi.kh

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 34.24.  ;fn P(1, 2, –3) ,oa Q(4, 3, 5) varfj{k esa nks fcUnq gSa rks] ,OP QO
uuur uuur

 rFkk

PQ
uuur

 ds fnd~&vuqikr Kkr dhft, tcfd O ewy fcanq gSA

gygygygy : OP
uuur

 ds fnd~&vuqikr 1, 2, –3 gSaA

QO
uuur

 ds fnd~&vuqikr (–4, –3, –5) vFkok (4, 3, 5)

PQ
uuur

 ds fnd~&vuqikr 4 –1, 3 –2,  5 – (–3)

vFkkZr~ 3, 1, 8 gSaA

       ns[ksa vkius fdruk lh[kk 34-6

1. fjDr LFkkuksa dh iwfrZ dhft, %

(i) y-v{k ds fnd~&dkslkbu ---------------- gSaA

(ii) ;fn l, m, n fdlh lfn'k ds fnd~&dkslkbu gS] rks l2 + m2 + n2 =  ......... .

(iii) ;fn a, b, c fdlh lfn'k ds fnd~&vuqikr gSa] rks a2 + b2 + c2, 1 ds ......... gSaA

(iv) funsZ'kkad v{kksa ds lkFk leku dks.k cukus okys lfn'k ds fnd~&dkslkbu----------- gSaA

(v) ;fn nks lfn'k ijLij lekUrj gSa] rks muds fnd~&vuqikr ----------------- gSA

(vi) (1, –1, 1) fdlh Hkh lfn'k ds fnd~&dkslkbu ugha gSa D;ksafd-------------

(vii) ,d lfn'k ds fnd~&vuqikrksa dh la[;k --------------- gSa ¼lhfer@vlhfer½

2. ;fn P(3, 4, –5) varfj{k esa ,d fcUnq gS] rks OP
uuur

 ds fnd~&dkslkbu Kkr dhft,A

3. AB
uuur

 ds fnd~&dkslkbu Kkr dhft, tgk¡ A(–2, 4, –5) rFkk B(1, 2, 3) varfj{k esa nks
fcUnq gSaA

4. ;fn dksbZ lfn'k x, y, z v{kksa dh /kukRed fn'kkvksa ds lkFk Øe'k% 90°, 135° rFkk 45°

dks.k cukrk gS] rks lfn'k ds fnd~&vuqikr Kkr dhft,A

34.12 lfn'kksa dk xq.kuiQy
vuqPNsn 34.6 esa] vkius ,d lfn'k dks vfn'k ls xq.kk fd;kA lfn'k dks vfn'k ls xq.kk djus ij]
gesa ,d lfn'k feyrk gSA bl vuqPNsn esa] ge ,d lfn'k dks nwljs lfn'k ls xq.kk djus ds fLFkfr
ij fopkj djsaxsaA blds nks izdkj gSa%

(i) tc nks lfn'kksa dk xq.kuiQy ,d vfn'k gks] rks bls ge vfn'k xq.kuiQy dgrs gSaA ;g MkV
(fcanq) xq.kuiQy Hkh dgykrk gS] D;ksafd blesa lacf/r ladsr ' . ' iz;ksx fd;k tkrk gSA

(ii) tc nks lfn'kksa dk xq.kuiQy ,d lfn'k gks] rks bls ge lfn'k xq.kuiQy dgrs gSa] tks fd
lacfèkr ladsr '×' ds iz;ksx djus ls Økl xq.kuiQy Hkh dgykrk gSA

34.13 lfn'kksa dk vfn'k xq.kuiQy

ekuk a
→  rFkk b

→
 nks ,sls lfn'k gSa] ftuds chp dk dks.k θ  gSA
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vfn'k xq.kuiQy a
→

. b
→
 dks bl izdkj ifjHkkf"kr fd;k tkrk gS %

a b | a | | b | cos
→ → → →

⋅ = θ

Li"Vr% a b
→ →

⋅  ,d vfn'k gS] D;ksafd | a |, | b |
→ →

 rFkk

cos θ  lHkh vfn'k gSaA

fVIi.kh

1. ;fn a
→
 rFkk b

→
 lefn'k lfn'k gks rks] a b ab cos ab

→ →
⋅ = θ =  gksxk] tcfd a rFkk b

Øe'k% a
→
 rFkk b

→
 ds ifjek.k gSaA

2. ;fn a
→
 rFkk b

→
 foijhr fn'kkvksa esa gSa] rks a b ab cos ab

→ →
⋅ = π = − gksxkA

3. lfn'kksa a
→ rFkk b

→
 ds chp dk dks.k θ ] 

a b
cos

|| a | | b

→ →

→ →

⋅
θ = ls izkIr fd;k tk ldrk gSA

4. a b b a
→ → → →

⋅ = ⋅  rFkk a ( b c ) ( a b a c )
→ → → → → → →

⋅ + = ⋅ + ⋅

5. n ( a b ) (n a ) b a (n b )
→ → → → → →

⋅ = ⋅ = ⋅ , tcfd n dksbZ okLrfod la[;k gSA

6. ˆ ˆ ˆ ˆ ˆ ˆi i j j k k 1⋅ = ⋅ = ⋅ =  rFkk ˆ ˆ ˆ ˆ ˆ ˆi j j k k i 0⋅ = ⋅ = ⋅ =  gksrk gS] D;ksafd î , ĵ  rFkk k̂

ijLij ykfEcd ,dd lfn'k gSaA

mnkgj.k 34.25.  ;fn ˆ ˆ ˆa 3i 2 j 6k
→

= + −  rFkk ˆ ˆ ˆb 4i 3j k
→

= − +  gS] rks a b
→ →

⋅  Kkr dhft,A a
→

rFkk b
→
 ds chp dk dks.k Hkh Kkr dhft,A

gy % ˆ ˆ ˆ ˆ ˆ ˆa b (3i 2 j 6k) (4i 3j k)
→ →

⋅ = + − ⋅ − +

3 4 2 ( 3) ( 6) 1= × + × − + − ×

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆi i j j k k 1 i j j k k i 0 ⋅ = ⋅ = ⋅ = ⋅ = ⋅ = ⋅ = Q vkSj

12 6 6= − −  = 0

eku yhft, a
→
 rFkk b

→
 ds chp dk dks.k θ  gSA

rc]
a b

cos
|| a | | b

→ →

→ →

⋅
θ = = 0  ∴  

2

π
θ =

34.14 nks lfn'kksa dk lfn'k xq.kuiQy

blls igys fd ge nks lfn'kksa ds lfn'k xq.kuiQy dks ifjHkkf"kr djsa] ge uhps nf{k.kgLr isap vkSj
okegLr isp ij ppkZ djrs gSa rFkk bls lfn'k f=kd ls lacf/r djrs gSaA

34.14.1 nf{k.kgLr isap

;fn ,d isap fy;k tk, rFkk bls ?kM+h dh lqb;ksa dh foijhr(okeko`r) fn'kk esa ?kqek,a] rks bldk i<+us
okys dh vksj LFkkukUrj.k gksrk gSA bls nf{k.kgLr isap dgrs gSaA

34.14.2 okegLr isap

fp=k 34.29

b

a

θ



424

lfn'k

xf.kr

ekWM~;wy - IX

lfn'k ,oa
f=kfoeh;
T;kfefr

fVIi.kh

;fn ,d isap fy;k tk, rFkk bls ?kM+h dh lqb;ksa dh fn'kk esa (nf{k.kko`r) ?kqek;k tk,] rks bldk
i<+us okys ls nwj dh vksj LFkkukUrj.k gksrk gSA bls okegLr isap dgrs gSaA

vc ge bl isap dk lacU/ fn, x, Øfer lfn'k f=kd ls tksM+rs gSaA

ekuk a
→

, b
→  rFkk c

→
 rhu lfn'k gSa] ftudk vkfn fcUnq O gSA

c

a

bO
               

c

b

a

O

                      (i) (ii)

fp=k 34.30

vc ;fn ,d nf{k.kgLr isap dks O ij j[k dj a
→
 ls b

→
 dh vksj <180° ds dks.k ij ?kqek;k tk,

rks bldk c
→
 ds vuqfn'k LFkkukUrj.k gksxk (fp=k 34.30 (i))A

blh izdkj] ;fn ,d okegLr isap dks O ij j[k dj a
→
 ls b

→
 dh vksj <180° ?kqek;k tk,] rks

bldk c
→  ds vuqfn'k LFkkukUrj.k gksxk (fp=k 34.30 (ii)) ijUrqw bl ckj LFkkukUrj.k dh fn'kk igyh

fn'kk ls foijhr gksxhA

blkfy, a
→

, b
→

, c
→
 dk ,d Øfer lfn'k f=kd] nf{k.kgLr okegLr dgykrk gS] ;fn og 180° ls

de ds dks.k ij ?kqekus ij c
→
 dh fn'kk essa ;k c

→
 dh foijhr fn'kk esa pyrk gSA

34-14-2 lfn'kksa dk lfn'k xq.kuiQy

;fn a
r

 rFkk b
r

 nks 'kwU;srj lfn'k gSa] rks mudk lfn'k xq.kuQy a b×
r r

 }kjk O;Dr fd;k

tkrk gS vkSj bls a b×
r r

 = $| || | sin .a b nθ
r r

 }kjk ifjHkkf"kr fd;k tkrk gSA

tgk¡ θ, a
r

 rFkk b
r
 ds e/; cuk gqvk dks.k gS] 0 ≤ θ ≤ π vkSj $n  ,d ,slk ek=d lfn'k

gS tks a b
r r
rFkk  nksuksa ij yEc gSA ,a b

r r

 rFkk $n  ,d nf{k.kkorhZ i)fr dks fufeZr djrs gSaA

vFkkZr nf{k.kkorhZ i)fr a
r

 ls b
r

 dh rjQ ?kqekus ij ;g $n  dh fn'kk esa pyrh gSA

� a b×
r r

 ,d lfn'k gS rFkk a b b a× = − ×
r r r r

 gSA

� ;fn 0a =
r r

 vFkok 0b =
r r

gks, rks θ ifjHkkf"kr ugha gS vkSj bl fLFkfr esa 0a b× =
r r r

 ysrs gSaA

� ;fn a
r

 rFkk b
r

 'kwU;rsj lfn'k gSa] rks 0a b× =
r r r

 ;fn vkSj dsoy ;fn gS] tc a
r

 rFkk

b
r

 lajs[k vFkok lekUrj lfn'k gSa vFkkZr 0 ||a b a b× = ⇔
r r r r r

.

� fof'k"Vr% 0b b× =
r r r

 vkSj ( ) 0b b× − =
r r r

 D;ksafd izFke fLFkfr esa θ = 0 vkSj f}rh; fLFkfr

esa θ = π. bl izdkj nksuksa gh fLFkfr;ksa esa sinθ = 0 gks tkrk gSA
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� $ $ $ $ 0i i j j k k× = × = × =
r

$ $

�
$ $ $ $ $ $, ,i j k j k i k i j$ $ $× = × = × =  rFkk $ $j i k× = −$ ,

$ $ $ $,k j i i k j× = − × = −$ $ .

� ( ) .a b c a b a c× + = × + ×
r r r r r r r

� ( ) ( ) ( )a b a b a b
r r r r r r

λ × = λ × = × λ .

� nks lfn'kksa a
r

 rFkk b
r

 ds e/; cuk dks.k θ,

sin θ =
| |

| || |

a b

a b

×
r r

r r  }kjk izkIr gksrk gSA

� ;fn a
r

 rFkk b
r

 fdlh f=Hkqt dh layXu Hkqtkvksa dk fu:fir djrs gSa rks f=Hkqt dk

{ks=Qy 
1

| |
2

a b×
r r

 }kjk iznÙk gSA

� ;fn a
r

 rFkk b
r

 fdlh lekUrj prqHkqZt dh layXu Hkqtkvksa dks fu:fir djrs gSa rks lekUrj
prqHkqZt dk {ks=Qy | |a b×

r r
 }kjk iznÙk gSA

� ;fn a
r

  = $ $
1 2 3a i a j a k+ +$  rFkk $ $

1 2 3b b i b j b k= + +$ $ , rks

$a b× $  =

$ $

1 2 3

1 2 3

i j k

a a a

b b b

$

= $ $
2 3 3 2 1 3 3 1 1 2 2 1( ) ( ) ( )a b a b i a b a b j a b a b k− − − + −$

� a
r

 rFkk b
r

 nksuksa ds yEcor~ ek=d lfn'k 
| |

a b

a b

×

×

r r

r r  gSA

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 34.26.  lfn'k xq.kuQy ds iz;ksx ls] lfn'kksa $ $2 3a i j k= + −
r

$  rFkk b
r

 = $ $3 2i j k− +$

ds chp dk dks.k Kkr dhft,A

gy gy gy gy : a b×
r r

 =

$ $

2 1 3

3 2 1

i j k

−

−

$

 = $ $(1 6) (2 9) ( 4 3)i j k$ − − + + − −

=
$ $5 11 7i j k$− − −

| |a b×
r r

 = 25 121 49 195+ + =

| |a
r

 = 4 1 9 14+ + =

| |b
r

 = 9 4 1 14+ + =

∴ sinθ =
| |

| || |

a b

a b

×
r r

r r  = 
195 195

1414. 14
=

fp=k 34.31

b

a

–n̂

n̂

θ
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⇒ θ =
1 195

sin
14

−  
 
 

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 34.27.  lfn'kksa $ $3 2 3a i j k= + −
r

$  rFkk $ $b i j k= + −
r

$  ds yEcor~ ek=d lfn'k Kkr
dhft,A

gygygygy : a b×
r r

 = 

$ $

3 2 3

1 1 1

i j k

−

−

$

 = $ $( 2 3) ( 3 3) (3 2)i j k− + − − + + −$

a b×
r r

 = $i k+$

| |a b×
r r

 = 1 1 2+ =

∴ a
r

 rFkk b
r
 ds yEcor~ ek=d lfn'k = 

| |

a b

a b

×

×

r r

r r  = 

$
$1 1

2 2 2

i k
i k

+
= +

$
$

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 34.28. ,d ,sls f=Hkqt dk {ks=Qy Kkr dhft, ftlds 'kh"kZ] A(1, 1, 1), B(1, 2,

3) rFkk C(2, 3, 1) gSaA

gygygygy : AB
uuur

 = $ $(1 1) (2 1) (3 1)i j k− + − + −$  = $ $2j k+

AC
ur

 = $ $(2 1) (3 1) (1 1)i j k− + − + −$  = $2i j+$

AB AC×
uuur uuur

 =

$ $

0 1 2

1 2 0

i j k$

 = $ $(0 4) (0 2) (0 1)i j k− − − + −$

                     = $ $4 2i j k− + −$

∴ | |AB AC×
uuur uuur

 = 2 2 2( 4) (2) ( 1) 16 4 1 21− + + − = + + =

vr% ∆ABC dk {ks=Qy =
1 21

2 2
AB AC× =
uuur uuur

oxZ bdkbZ

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 34.29.  ,d ,sls lekUrj prqHkqZt dk {ks=Qy Kkr dhft, ftlds 'kh"kZ]  A(5, –

1, 1), B(–1, –3, 4), C(1, –6, 10) rFkk D(7, –4, 7) gSaA

gygygygy : AB
uuur

 = $ $( 1 5) ( 3 1) (4 1)i j k− − + − + + −$  = $ $6 2 3i j k− − +$

AD
uuur

 = $ $(7 5) ( 4 1) (7 1)i j k− + − + + −$  = $ $2 3 6i j k− +$

AB AD×
uuur uuur

 =

$ $

6 2 3

2 3 6

i j k

− −

−

$

 = 
$ $( 12 9) ( 36 6) (18 4)i j k− + − − − + +$

= $ $3 42 22i j k− + +$

∴ lekUrj prqHkqZt ABCD dk {ks=Qy | |AB AD×
uuur uuur

 = 9 1764 484+ +  = 2257  oxZ bdkbZ
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        ns[ksa vkius fdruk lh[kk 34-7

1. (i) ;fn a b×
r r

 ,d ek=d lfn'k gS rFkk 
2

| | 3, | |
3

a b= =
r r

] rks a b
r r
rFkk  ds e/; cuk

gqvk dks.k -------------------- gSA

(ii) ;fn | . | | |a b a b= ×
r r r r

 gS, rks a b
r r
rFkk  ds e/; cuk gqvk dks.k ------------ gSA

(iii) $ $ $ $ $ˆ.( ) . ( ) . ( )i j k j i k k i j× + × + ×$ $ $  dk eku ----------------- gSA

2. ( )a b
r r

+  rFkk ( )a b
r r

−  nksuksa ds yEocr~ ek=d lfn'k Kkr dhft, tgk¡ $ $a i j k
r

$= + +

rFkk $ $2 3b i j k
r

$= + + .

3. ,d ,sls lekUrj prqHkqZt dk {ks=Qy Kkr dhft, ftldh layXu Hkqtk,¡ lfn'kksa

$ $3 4a i j k
r

$= + +  rFkk $ $b i j k
r

$= − +  }kjk fu:fir gSaA

4. ;fn ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ2 2 2 , 2 , 3= + + = − + + = +
rr r

a i j k b i j k c i j  bl izdkj gSa fd ,+ λ
rr r

a b c

ij yEcor~ gS] rks λ dk eku Kkr dhft,A

34-15 vfn'k f=kd xq.kuiQy

;fn ,a b
r r

 rFkk c
r

 rhu lfn'k gSa rks a b×
r r

 dk c
r

 ds lkFk vfn'k xq.kuQy] vfn'k f=d xq.kuQy

dgykrk gSA ( ).a b c×
r r r

 dks ,a b
r r

 rFkk c
r
 dk vfn'k f=d xq.kuQy dgrs gSaA lkekU;r% bls

[ . ]a bc
r rr

 ls O;Dr fd;k tkrk gSA

� [ ]a b c
r r r

 ,d vfn'k jkf'k gSA

� ( ).a b c×
r r r

 ,d ,sls lekarj "kVQyd ds vk;ru dks O;Dr djrk gS ftlds lgkolkuh

fdukjs ,a b c
r r r

rFkk  }kjk fu:fir gSaA

� ( ). 0a b c× =
r r r

, ;fn ,a b
r r

 rFkk c
r

 leryh; lfn'k gSa vFkok rhuksa esa ls dksbZ nks lfn'k

leku vFkok lekUrj gSaA

� ;fn lfn'kksa dk pØh; Øe cuk, j[kk tk, rks vfn'k f=d xq.kuQy esa MkWV ¼ - ½
vkSj Økl (×) dh fLFkfr dks ijLij ifjofrZr fd;k tk ldrk gSA

( ).a b c×
r r r

 = . ( )a b c×
r r r

( ).b c a×
r r r

 = . ( )b c a×
r r r

( ).c a b×
r r r

 = . ( )c a b×
r r r

� ( ) . ( ) . ( ) .a b c b c a c a b× = × = ×
r r r r r r r r r

� ( ) . ( ) . . ( )a b c b a c c b a
r r r r r r r r r

× = − × = − ×
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( ) . ( ) . . ( )b c a c b a a c b× = − × = − ×
r r r r r r r r r

( ) . ( ) . . ( )c a b a c b b a c× = − × = − ×
r r r r r r r r r

� ;fn $ $ $ $ $ $
1 2 3 1 2 3 1 2 3, ,a a i a j a k b b i b j b k c c i c j c k= + + = + + = + +

r r r
$ $ $  gSa]

rks ( ) .a b c×
r r r

 =

1 2 3

1 2 3

1 2 3

a a a

b b b

c c c

� pkj fcUnq A, B, C rFkk D leryh; gksrs gSa ;fn ,AB AC
uuur uuur

 rFkk AD
uuur

 leryh; gSa vFkkZr~

( ) .AB AC AD×
uuur uuur uuur

 = 0

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 34.30.  ,d ,sls lekUrj "kVQyd dk vk;ru Kkr dhft, ftlds fdukjs

$ $2 3 4a i j k= − +
r

$ , $ $2b i j k= + −
r

$  rFkk $ $3 2c i j k= − +
r

$  }kjk fu:fir gSaA

gygygygy : vk;ru = ( ) .a b c×
r r r

 = 

2 3 4

1 2 1

3 1 2

−

−

−

= 2(4 1) 3(2 3) 4( 1 6)− + + + − −

= 6 15 28 7+ − = −

_.kkRed fpUg dks NksM+rs gq,] vHkh"V vk;ru = 7 ?ku bdkbZ

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 34.31.  λ dk og eku Kkr dhft, ftlds fy, lfn'k

$ $ $ $ $ $2 , 2 3 , 3 5a i j k b i j k c i j k= − + = + − = + λ +
r

$ $ $  leryh; gSaA

gygygygy : lfn'k ,a b
r r

 rFkk c
r

 leryh; gksaxs] ;fn [ ] 0abc =
r rr

i.e.

2 1 1

1 2 3

3 5

−

−

λ
 = 0

i.e. 2(10 3 ) 1(5 9) 1( 6)+ λ + + + λ −  = 0

i.e. 7 28λ +  = 0

⇒ λ = – 4.

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 34.32.  n'kkZb, fd pkj fcUnq A, B, C rFkk D ftuds fLFkfr lfn'k Øe'k%
$ $ $ $(4 5 ), ( ),i j k j k+ + − −$  $ $(3 9 4 )i j k+ +$  rFkk $ $( 4 4 4 )i j k− + +$  gSa] leryh; gSaA

gygygygy : AB
uuur

 = $ $4 6 2i j k− − −$

AC
uuur

 =
$ $4 3i j k− + +$

AD
uuur

 =
$ $8 3i j k− − +$
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C

A1

% + vkb;s nksgjk,¡

( ) .AB AC AD×
uuur uuur uuur

 = 

4 6 2

1 4 3

8 1 3

− − −

−

− −

 = 4(12 3) 6( 3 24) 2(1 32)− + + − + − +

                  = 60 126 66 0− + − =

vr% fcUnq A, B, C rFkk D leryh; gSaA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 34.33.  fl) dhft, fd [ , , ] 2[ , , ]a b b c c a a b c+ + + =
r r r r r r r r r

gygygygy :  ck;k¡ i{k = ( ) . [( ) )]a b b c c a+ + × +
r r r r r r

= ( ) . [( ]a b b c b a c c c a
r r r r r r r r r r

+ × + × + × + ×

= ( ) . [( ]a b b c b a c a+ × + × + ×
r r r r r r r r

              0c c× =
r r

Q

= . ( ) . ( ) . ( )a b c a b a a c a× + × + ×
r r r r r r r r r

. ( ) . ( ) . ( )b b c b b a b c a+ × + × + ×
r r r r r r r r r

= . ( ) . ( )a b c b c a× + ×
r r r r r r

 [Q tc nks lfn'k leku gksa] rks

vfn'k f=d xq.kuQy 'kwU; gksrk gS]

= 2[ ]a b c
r r r

 = nk;k¡ i{k

       ns[ksa vkius fdruk lh[kk 34-8

1. ,d ,sls lekUrj "kVQyd dk vk;ru Kkr dhft, ftlds fdukjs $ $2a i j k
r

$= − + ,

$ $ $ $2 3 , 3 2 5b i j k c i j k
r r

$ $= + − = + +  }kjk fu:fir gSaA

2. λ dk og eku Kkr dhft, ftlds fy, lfn'k $ $ $ $4 6 , 4 3a i j k b i j k
r r

$ $= − − + λ = − + +  rFkk
$ $8 3c i j k

r
$= − − +  leryh; gSaA

� og HkkSfrd jkf'k ftls dsoy ,d la[;k }kjk izdV fd;k tk ldrk gS] vfn'k dgykrh gSA

� og jkf'k] ftldk ifjek.k rFkk fn'kk nksuksa gksa] lfn'k dgykrh gSA

� lfn'k] ftldk ifjek.k 'a' rFkk fn'kk A ls B dh vksj gks] dks  }kjk iznf'kZr fd;k tkrk

gS rFkk bldk ifjek.k  |  | = a }kjk izdV fd;k tkrk gSA

� ,d lfn'k ftldk ifjek.k nwljs lfn'k a
→
 ds ifjek.k ds cjkcj gS] ijUrq fn'kk foijhr gS]

fn;s x;s lfn'k dk ½.k dgykrk gS rFkk bls − a
→

 }kjk n'kkZrs gSaA
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� ,dd lfn'k dk ifj.kke 1 bdkbZ gksrk gSA lfn'k a
→
 ds lekUrj ,dd lfn'k dks â  }kjk

n'kkZrs gSa rFkk ;g  
a

| a |

→

→
 ds cjkcj gksrk gSA

� 'kwU; lfn'k 0
→ dk ifjek.k 0 gksrk gS rFkk bldh dksbZ fuf'pr fn'kk ugha gksrhA

� vfn'kksa ds ;ksx ls fHkUu] lfn'kksa dk ;ksx lfn'kksa ds ;ksx ds f=kHkqt fu;e ds vuqlkj gksrk gSA
blh dkj.k nks lfn'kksa ds ;ksx dk ifjek.k muds ifjek.kksa ds ;ksx ls de ;k cjkcj gksrk gSA

� nks ;k vf/d lfn'k lajs[k gksrs gSa] ;fn muds vk/kj ,d gh gksa ;k lekUrj gksaA
� rhu ;k vf/d lfn'k leryh; gksrs gSa] ;fn muds vk/kj ,d gh ry ds lekUrj gksa ;k

,d gh ry esa fLFkr gksaA

� ;fn a
→
 lfn'k  vkSj x vfn'k gks] rc x a

→
 ,d ,slk lfn'k gS] ftldk ifjek.k lfn'k a

→

ds ifjek.k dk x xquk gS rFkk ftldh fn'kk oghs ;k foijhr bl ij fuHkZj djrh gS fd x

> 0 ;k x < 0 gSA
� fdlh lfn'k dks tks nks vlajs[k lfn'kksa ds lkFk leryh; gS] muds ,d jSf[kd la;kstu ds

:i esa O;Dr fd;k tk ldrk gSA
� varfj{k esa fdlh lfn'k dks fn;s x, rhu vleryh; lfn'kksa ds ,d jSf[kd la;kstu ds :i

esa O;Dr fd;k tkr ldrk gSA

� ,d fcUnq dk fLFkfr lfn'k] tks nks fcUnqvksa] ftuds fLFkfr lfn'k a
→
 vkSj b

→
 gS] dks feykus

okys js[kk[k.M dks m : n ds vUr%@ckã vuqikr esa foHkkftr djrk gS] Øe'k% fuEu gSa%

n a m b

m n

→ →
+

+
, 

n a m b

n m

→ →
−

−

� nks fcUnqvksa] ftuds fLFkfr lfn'k a
→
 vkSj b

→
 gSa] dks feykus okys js[kk[k.M ds eè;&fcUnq

dk fLFkfr lfn'k a b

2

→ →
+ gksxkA

� nks lfn'k a
→  vkSj b

→  dk vfn'k xq.kuiQy] a b | a | | b | cos
→ → → →

⋅ = θls izkIr gksrk gS]

tcfd θ ] nksuks lfn'kksa a
→
 vkSj b

→
 ds chp dk dks.k gSA

� nks lfn'k a
→
 vkSj b

→
 dk lfn'k xq.kuiQy ˆa b | a | | b | sin n

→ → → →
× = θ  ls izkIr gksrk gSA

tcfd a
→
 vkSj b

→
 ds chp dk dks.k θ  gS rFkk n̂  ,d ,dd lfn'k gS] tks a

→
 vkSj b

→

ij yEcor~ gSA
� ,d lfn'k }kjk x, y ,oa z v{kksa dh /kukRed fn'kkvksa ds lkFk cus dks.kksa ds dkslkbu

ds eku ml lfn'k ds fnd~&dkslkbu dgykrs gSaA

� ,slh rhu okLrfod la[;k,¡ tks fdlh lfn'k ds fnd~&dkslkbuksa ds lekuqikrh gSa] ml
lfn'k ds fnd~ vuqikr dgykrh gSaA

� lkekU;r% fdlh lfn'k ds fnd~&dkslkbuksa dks l, m, n rFkk fnd~&vuqikrksa dks a, b, c

ls O;Dr djrs gSaA

� l2 + m2 + n2 = 1, ijUrq O;kidr% a2 + b2 + c2 ≠ 1.
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� ;fn $ $AB xi y j zk
uuur

$= + +  gS, rks AB
uuur

 ds fnd~&vuqikr x, y, z gSa rFkk fnd~&dkslkbu

2 2 2 2 2 2 2 2 2
, ,

x y z

x y z x y z x y z

± ± ±

+ + + + + +
gSaA

� ,d lfn'k ds fnd~&dkslkbu vf}rh; gSa rFkk fnd~&vuqikr vuUr gSaA

� nks lfn'kksa a
r

 rFkk b
r

 dk lfn'k xq.kuQy] $| | | | sin .a b a b n× = θ
r r r r

 }kjk ifjHkkf"kr gksrk
gS tgk¡ θ, lfn'kksa a

r
, b
r

 ds chp dk dks.k rFkk $n , a
r

 rFkk b
r

 nksuksa ij yEc ek=d
lfn'k gSaA

� .a b b a
r r r r

× = − ×

� 0a b× =
r r r

 ;fn 0a =
r

 vFkok 0b =
r

 vFkok a
r

 rFkk b
r

 lekUrj gSa vFkok a
r

 rFkk b
r
lajs[k

gS aA

� $ $ $ $ 0i i j j k k× = × = × =
r

$ $

� $ $ $ $ $, ,i j k j k i k i j× = × = × =
r

$ $ $ .

� $ $ $ $ $, ,j i k k j i i k j× = − × = − × = −
r

$ $ $ .

� ( )a b c a b a c× + = × + ×
r r r r r r r

� ( ) ( ) ( )a b a b a bλ × = λ × = × λ
r r r r r r

�

| |
sin

| | | |

a b

a b

×
θ =

r r

r r

� f=Hkqt dk {ks=Qy = 
1

| |
2

a b×
r r

 tgk¡ a
r

 rFkk b
r

 f=Hkqt dh layXu Hkqtkvksa dks fu:fir

djrs gSaA

� lekUrj prqHkqZt dk {ks=Qy = | |a b×
r r

 tgk¡ a
r

 rFkk b
r

 lekUrj prqHkqZt dh layXu Hkqtkvksa
dks fu:fir djrs gSaA

� a
r

 rFkk b
r

  nksuksa ij yEc ek=d lfn'k 
| |

a b

a b

×

×

r r

r r  }kjk izkIr gksrk gSA

� ;fn $ $
1 2 3a a i a j a k= + +

r
$  rFkk $ $

1 2 3b b i b j b k= + +
r

$  rks a b×
r r

 = 

$ $

1 2 3

1 2 3

i j k

a a a

b b b

$

� ;fn ,a b
r r

 rFkk c
r

 dksbZ rhu lfn'k gSa rks ( ) .a b c×
r r r

 vfn'k f=d xq.kuQy dgykrk gS

vkSj lkekU;r% bls [ ]a b c
r r r

 ls O;Dr djrs gSaA

� lekUrj "kV~Qyd dk vk;ru ( ) .a b c= ×
r r r

, tgk¡ , ,a b c
r r r

 lekUrj "kV~Qyd ds lgkolkuh
fdukjs gSaA
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lgk;d osclkbV

� ( ) . 0a b c× =
r r r

, ;fn ,a b
r r

 rFkk c
r
leryh; gSa vFkok rhuksa esa ls dksbZ nks lfn'k leku

gS vFkok lekUrj gSaA

� ( ) . . ( )a b c a b c× = ×
r r r ur r r

� ( ) ( ) .. ( ) .a b c a bc b c a× = ×= ×
r r r r r ur r r r

� ( ) . ( ) .a b c b a c× = − ×
r r r r ur r

� ;fn ,AB AC
uuur uuur

 rFkk AD
uuur

 leryh; gSa rks pkj fcUnq A, B, C rFkk D Hkh leryh; gksaxs

i.e. ;fn ( ) . 0AB AC AD× =
uuur uuur uuur

, rks A, B, C, D leryh; gSaA

� ;fn $ $ $ $ $ $
1 2 3 1 2 3 1 2 3, ,a a i a j a k b b i b j b k c c i c j c k

r r r
$ $ $= + + = + + = + + , rks

( ) .a b c×
r r r

 = 

1 2 3

1 2 3

1 2 3

a a a

b b b

c c c

� www.youtube.com/watch?v=ihNZlp7iUHE

� http://emweb.unl.edu/math/mathweb/vectors/vectors.html

� http://www.mathtutor.ac.uk/geometry_vectors

� www.khanacademy.org/.../introduction-to-vectors-and-scalars

1. ekuk a
→

, b
→ vkSj c

→
 rhu ,sls lfn'k gSa fd buesa ls dksbZ nks vlajs[k gSaA ;fn lfn'k a b

→ →
+

vkSj lfn'k c
→
 lajs[k gksa rFkk lfn'k b c

→ →
+  vkSj lfn'k a

→
 lajs[k gksa] rks lfn'kksa a

→
, b

→

vkSj c
→
 dk ;ksx Kkr dhft,A

2. fl¼ dhft, fd dksbZ nks 'kwU;srj lfn'k a
→
 vkSj b

→
 lajs[k gksrs gSa] ;fn vkSj dsoy ;fn]

nks la[;k,¡ x vkSj y (nksuksa bdê~Bs 'kwU; ugha gSa) bl izdkj gaS fd x a y b 0
→ → →

+ =  gksA

3. ABCD ,d lekUrj prqHkqZt gS ftlesa Hkqtk CD dk eè;&fcUnq M gSA lfn'kksa  vkSj 

dks lfn'kksa  vkSj  ds inksa esa O;Dr dhft,A

4. D;k lfn'k a b
→ →

−  dh yEckbZ lfn'kksa a
→
 vkSj b

→
 dh yEckb;ksa ds ;ksx ls  (i) de gks

ldrh gS] (ii) cjkcj gks ldrh gS ;k (iii) vf/d gks ldrh gS\

5. ekuk a
→
 vkSj b

→
 nks vlajs[k lfn'k gSaA la[;k,¡ x vkSj y Kkr dhft,] ;fn lfn'k

(2 x) a b
→ →

− +  vkSj y a (x 3) b
→ →

+ −  cjkcj gSaA

vkb, vH;kl djsa
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6. lfn'k a
→
 vkSj b

→
 vlajs[k gSaA x  Kkr dhft,] ;fn lfn'k 3 a x b

→ →
+  vkSj 2

(1 x) a b
3

→ →
− −

lekUrj gSaA

7. x vkSj y Kkr dhft,] ftlls lfn'k ˆ ˆ ˆa 2i 3j yk
→

= − + +  rFkk lfn'k ˆ ˆ ˆb xi 6 j 2k
→

= − +

lajs[k gksaA a
→
 vkSj b

→
 ds ifjek.k Hkh Kkr dhft,A

8. lfn'kksa a b
→ →

+  vkSj a b
→ →

−  ds ifjek.k Kkr dhft,] ;fn ˆ ˆ ˆa 3i 5j 8k
→

= − +  vkSj

ˆ ˆ ˆb i j 4k
→

= − + −  gSA

9. lfn'k a
→
 dh fn'kk esa ,dd lfn'k Kkr dhft,] tcfd ˆ ˆ ˆa 6i 3j 2k

→
= − + −  gSA

10. lfn'kksa ˆ ˆ ˆ3i 2 j k− +  vkSj ˆ ˆ ˆ2i 4 j k− + +  ds ifj.kkeh lfn'k ds lekUrj ,d ,dd lfn'k

Kkr dhft,A

11. fdlh d.k P ij fuEu cy yxs gSa %

1
ˆ ˆ ˆF 2i j 3k

→
= + − , 2

ˆ ˆ ˆF 3i 2 j 2k
→

= − + +  vkSj  3
ˆ ˆ ˆF 3i 2 j k

→
= − + , ftUgsa U;wVu esa ekik

x;k gSA

(a) ifj.kkeh cy Kkr dhft,A (b) ifj.kkeh cy dk ifjek.k Kkr dhft,A

12. fn[kkb;s fd fuEu lfn'k leryh; gSa%

( a 2 b c )
→ → →

− + , (2 a b 3 c )
→ → →

+ − vkSj ( 3 a b 2 c )
→ → →

− + + , tcfd a
→

, b
→
 vkSj c

→  dksbZ
rhu vleryh; lfn'k gSaA

13. ,d lfn'k OX
uuur

 rFkk OY
uuur

 ds lkFk Øe'k% ,
3 3

π π
 dks.k cukrk gSA bl lfn'k }kjk OZ

uuur

ds lkFk cuk;k gqvk dks.k Kkr dhft,A

14. ;fn varfj{k esa ,d fcUnq ( 3,1, 2 3)P  gS] rks OP
uuur

 ds fnd~&dkslkbu Kkr dhft,
tgk¡ O ewy fcUnq gSA

15. fcUnqvksa ( 4,1,7)−  rFkk (2, –3, 2) dks feykus okys lfn'k ds fnd~&dkslkbu Kkr dhft,A

16. fnd~ vuqikrksa dh vo/kkj.kk ds iz;ksx ls n'kkZb, fd ||PQ RS
uuur uuur

 tgk¡ P, Q, R rFkk S

ds funsZ'kkad Øe'k% (0, 1, 2), (3, 4, 8), 
3

2, , 3
2

 
− −    rFkk 

5
, 6, 6

2

 
    gSaA

17. ;fn fdlh lfn'k ds fnd~&vuqikr 3, 4, 0 gSa] rks blds fnd~&dkslkbu Kkr dhft,A

18. ,d ,sls lekUrj prqHkqZt dk {ks=Qy Kkr dhft, ftldh layXu Hkqtk,¡ $ $2 3i j k+ +$

rFkk $ $3 2i j k− +$  }kjk fu:fir gSaA

19. ,d f=Hkqt ABC dk {ks=Qy Kkr dhft, ;fn A, B, C ds funsZ'kkad Øe'k% (3, –1, 2),

(1, –1, –3) rFkk (4, –3, 1) gSaA

20. lfn'kksa $ $2 3i j k− +$  rFkk $ $3 4i j k− −$  ds yEcor~ ,d ek=d lfn'k Kkr dhft,A

21. ;fn $ $2 3 6A i j k= − −
ur

$  rFkk $ $4 2B i j k= + −
ur

$ , rks ( ) ( )A B A B+ × −
ur ur ur ur

 Kkr dhft,A
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22. fl) dhft, fd % ( ) ( ) 2( )a b a b a b− × + = ×
r r r r r r

.

23. ;fn a b c d× = ×
r r r ur

 vkSj a c b d× = ×
r r r ur

, rks n'kkZb, fd ( )a d−
r ur

 rFkk ( )b c−
r r

 ijLij
lekUrj gSaA

24. ,d ,sls lekUrj "kVQyd dk vk;ru Kkr dhft, ftlds fdukjs] $ $2 4 5 ,a i j k
r

$= − +

$ $ $ $, 3 5 2b i j k c i j k= − + = − +
r r

$ $  }kjk fu:fir gSaA

25. n'kkZb, fd lfn'k] $ $ $ $2 , 3 5a i j k b i j k= − + = − −
r r

$ $  rFkk $ $3 4 4c i j k= − −
r

$  leryh; gSaA

26. ;fn fcUnq A(3, 2, 1), B(4, λ, 5), C(4, 2, –2) rFkk D(6, 5, –1) leryh; gSa] rks λ dk eku Kkr
dhft,A

ns[ksa vkius fdruk lh[kk 34.1

1. (d) 2. (b)

3.

5 cm
A′ B′
A B

5 cm
EW

N

S

fp=k 34.32

4. nks lfn'k lefn'k dgykrs gSa] ;fn mudh fn'kk ogh gks] pkgs muds ifjek.k dqN Hkh gksaA ijUrq
leku lfn'kksa esa ifjek.k vkSj fn'kk nksuksa ogh gksus pkfg;sA

5.

W E

S

N

60°

50N

          

45°
W E

S

N100 N

fp=k 34.33 fp=k 34.34

mÙkjekyk
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ns[ksa vkius fdruk lh[kk 34.2

1. 0
→

2. 0
→

ns[ksa vkius fdruk lh[kk 34.3

1. b a
→ →

−

2. (i) ;g ,d lfn'k gS tks a
→

 dh fn'kk esa gS rFkk ftldk ifjek.k a
→

 ds ifjek.k dk
3 xquk gSA

(ii) ;g b
→
 dh foijhr fn'kk esa ,d lfn'k gS] ftldk ifj.kke b

→
 ds ifjek.k dk 5 xquk

gSA

3.  = b a
→ →

−  rFkk  = 2 a 3 b
→ →

+

4.   | y n | y | n |
→ →

= , ;fn  y > 0 5. lfn'k

y | n |
→

= − , ;fn  y < 0

= 0, ;fn y = 0

6. p x q
→ →

= , x ,d 'kwU;srj lfn'k gSA

ns[ksa vkius fdruk lh[kk 34.4

1. ;fn x vkSj y bl izdkj gksa fd c x a y b
→ → →

= +

2. ˆ ˆr 3i 4j
→

= + 3.  = ˆ ˆ ˆ4i 3j 5k+ +

5. ( )1 ˆ ˆ ˆ3i 6 j 2k
7

+ − 6.
1 5 5ˆ ˆ ˆi j k
51 51 51

− −

ns[ksa vkius fdruk lh[kk 34.5

1. (i) 
1

(2 a 3 b )
5

→ →
+  (ii) (3 a 2 b )

→ →
−

2.
1

(4 p 3 q )
7

→ →
+ 3. 

1
(2 c d )

3

→ →
+ , 

1
( c 2 d )

3

→ →
+

ns[ksa vkius fdruk lh[kk 34.6

1. (i) (0, 1, 0) (ii) 1 (iii) leku ugha

(iv)
1 1 1

, ,
3 3 3

(v) lekuqikrh

(vi) muds oxksZ dk ;ksx 1 ds leku ugha gS (vii) vuUr

2.
3 2 2 1

, ,
55 2 2

−
3.

3 2 8
, ,

77 77 77

−
4. 0, –1, 1

ns[ksa vkius fdruk lh[kk 34.7

1. (i)
4

π
(ii)

4

π
(iii) 1
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2.

$ $2
.

6 6 6

i j k−
+ −

$

3. 42 oxZ bdkbZ 4- 8

ns[ksa vkius fdruk lh[kk 34.8

1. 42 ?ku bdkbZ 2. λ = – 2

vkb, vH;kl djsa

1. 0+ + =
r rr

a b c

3. , 2= − = +
uuur uuuur uuuur uuuur uuuur uuuur
BD BM MC AM BM MC

4. (i) gk¡ ra  vkSj 
r
b  ;k rks vljs[k lfn'k gSa ;k 'kwU;srj lfn'k] ftudh fn'kk ,d gh gSA

(ii) gk¡ r
a  vkSj 

r
b  ;k rks foijhr fn'kkvksa esaa gSa ;k de ls de ,d 'kwU; lfn'k gSA

(iii) gk¡ r
a  vkSj 

r
b  foijhr fn'kkvksa esa gSaA

5. x = 4, y = –2 6. x = 2, –1

7. x = 4, y = 1     | | 14, | | 2 14= =
rr

a b

8. | | 6, | | 14+ = + =
r rr r

a b a b

9.
6 3 2 ˆˆ ˆ
7 7 7

− + −i j k 10.
1 ˆˆ ˆ( 2 2 )
3

± + +i j k

11. ˆ ˆ2 ; 5+i j

13.
4

π
 vFkok 

3

4

π
14.

3 1 3
, ,

4 4 2
15.

6 4 5
, ,

77 77 77

− −

17.
3 4

, , 0
5 5

18. 8 3 oxZ bdkbZ 19.
1

165
2

oxZ bdkbZ

20.
ˆˆ ˆ7 5

75

+ +i j k
21. ˆˆ ˆ60 4 22− + −i j k 24. 8 ?ku bdkbZ

26. λ = 5


