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TRIGONOMETRIC FUNCTIONS-I

We have read about trigonometric ratios in our earlier classes.

Recall that we defined the ratios of the sides of a right triangle as follows :

sinezg,cosezi,tanezﬁ A
b b a
andcosec 0= 2 seco =2 coto=2 . A
c a c

We also developed relationships between these

trigonometric ratios as sjn2 g + cos2 0 = 1. B c
a

Fig.3.1

sec?0=1+tan’ 0 cosec? 0 =1+cot’ 0
We shall try to describe this knowledge gained so far in terms of functions, and try to develop
this lesson using functional approach.

In this lesson, we shall develop the science of trigonometry using functional approach. We shall
develop the concept of trigonometric functions using a unit circle. We shall discuss the radian
measure of an angle and also define trigonometric functions of the type

y=sinx,y=cosX,y=tanx, y=cot X, y=Sec X,y =Cosec X,y =asinx, y=Dbcosx, etc.,
where x, y are real numbers. We shall draw the graphs of functions of the type

y=sinX,y=Cc0SX,y=tanXx,y=cotx,y=secx,andy=cosecx y=asinx,y=a
COS X.

| OBIECTIVES

After studying this lesson, you will be able to :

° define positive and negative angles;

° define degree and radian as a measure of an angle;

° convert measure of an angle from degrees to radians and vice-versa;

° state the formula ¢ = r 6 whererandg have their usual meanings;
° solve problems using the relation / = r 0;

° define trigonometric functions of a real number;

° draw the graphs of trigonometric functions; and

° interpret the graphs of trigonometric functions.
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EXPECTED BACKGROUND KNOWLEDGE

° Definition ofan angle.

° Concepts of astraight angle, right angle and complete angle.

° Circle and its allied concepts.

o Specialproducts: (a+b)? =a?+b?+ 2ab, (a+b)’=a%+b%+ 3ab(ah)
° Knowledge of Pythagoras Theorem and Py thagorean numbers.

3.1 CIRCULAR MEASURE OF ANGLE

Anangle is a union of two rays with the common end point. An angle is formed by the rotation
ofaray as well. Negative and positive angles are formed according as the rotation is clock-
wise or anticlock-wise.

3.1.1 AUnit Circle

It can be seen easily that when a line segment makes one complete rotation, its end point
describes a circle. In case the length of the rotating line be one unit then the circle described will
be a circle of unit radius. Such a circle is termed as unit circle.

3.1.2ARadian

A radian is another unit of measurement of an angle other than degree.

A radian is the measure of an angle subtended at the centre of a circle by an arc equal in length
to the radius (r) of the circle. Ina unit circle one radian will be the angle subtended at the centre
of the circle by an arc of unit length.

Fig. 3.2

Note : Aradian is a constant angle; implying that the measure of the angle subtended by
anare of a circle, with length equal to the radius is always the same irrespective of the
radius of the circle.

3.1.3 Relation between Degree and Radian

An arc of unit length subtends an angle of 1 radian. The circumference 2x (. r = 1) subtend
an angle of 2 radians.

Hence 2x radians = 360°, = g radians =180°, = radians = 90°

N a
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T _ 360) (180)
= n radians = 45° = 1 radian = o = —

T T
1°= 2Z radians == rad
or 350 "adians= 180 radians
SElo] WM Convert
()] 90° into radians (i) 15°into radians
" T . T
(i) 5 radians into degrees. (iv) 10 radians into degrees.
Solution :
H 10 2_1-[ d
0] 360 radians
= 90° = % 90 radians or 90° = z radians
360 2
(i) 15°= 2n x 15 radians or  15°= — radians
360 12

r
AS

1.

] _(360) m . (360 m)
(i) 1 radian = ( ZnJ ' radians = ( o X 6j

ki radians = 30°

6
_ T (360 m) .
(iv) 10 radians = ( o Xloj 0 radians = 18

1
' fl CHECK YOUR PROGRESS 3.1

Convert the following angles (in degrees) into radians :
(i) 60° (i) 15°  (iii) 75° (iv) 105° (v) 270°
Convert the following angles into degrees:
LT s . T 21
M () 35 i) 25 W) 55 © 3
The angles of a triangle are 45°, 65° and 70°. Express these angles in radians

2
The three angles ofa quadrilateral are % , % , ?n

Find the angle complementary to % .
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3.1.4 Relation Between Length of an Arc and Radius of the Circle

Anangle of 1 radian is subtended by an arc whose length is equal to the radius of the circle. An
angle of 2 radians will be substened if arc is double the radius.

An angle of 2% radians willbe subtended if arc is 2% times the radius.

All this can be read from the following table :

Length of the arc (I) Angle subtended at the
centre of the circle 0 (in radians)

r 1
2r 2
(2%)r 2Y
4r 4

14
Therefore, 0= T or /=r0,wherer =radius of the circle,

6 = angle substended at the centre in radians, and ¢ = length of the arc.

The angle subtended by an arc of a circle at the centre of the circle is given by the ratio of the
length of the arc and the radius of the circle.

Note : Inarriving at the above relation, we have used the radian measure of the angle

and not the degree measure. Thus the relation ¢ = ¢ is valid only when the angle is

r
measured in radians.

el AN Find the angle in radians subtended by an arc of length 10 cm at the centre of
acircle of radius 35 cm.

Solution : ¢ =10cm and r = 35 cm.
/ ) 10 2
0 = — radians or 0=— radians, or 0 = — radians
" 35 7

=eEllel RN Arailroad curve isto be laid out on a circle. What should be the radius of a
circular track ifthe railroad is to turn through an angle of 45° in a distance of 500m?

Solution : Angle ¢ is given in degrees. To apply the formula /=r 6,0 must be changed to
radians.

T s
0 = 45° = 45x—— radi = = radi
180 radians  ....(1) 4 radians

/=500 m 2

MATHEMATICS
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¢=r 6 givesr =§ r :@ m  [using (1) and (2)]
T
4

4 1
= 500><; m , =2000 x0.32 m (;=0-32) =640m

=eTglo] RN A train is travelling at the rate of 60 km per hour onacircular track. Through what

5
angle will it turn in 15 seconds if the radius of the track is — km.

6

Solution : The speed of the train is 60 km per hour. In 15 seconds, it will cover

60 x 15 1
km - =
60 x 60 = g km

1 5)
We have ¢ = ka andr = Ekm

radians

= |~

= i radians
10

oluh|-

Q
WX CHECK YOUR PROGRESS 3.2

1.

Express the following angles in radians :
(a)30° (b) 60° (c) 150°

Express the following angles in degrees :

x o~ L
@ b) 5 © 3

Find the angle in radians and in degrees subtended by an arc of length 2.5 cm at the

centre ofa circle of radius 15 cm.

Atrainistravelling at the rate of 20 km per hour on a circular track. Through what angle

1
will it turn in 3 seconds if the radius of the track isE ofakm?.

A railroad curve is to be laid out on a circle. What should be the radius of the circular
track if the railroad is to turn through an angle of 60° in a distance of 100 m?

Complete the following table for I, r,  having their usual meanings.
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MODULE - | I r 0
Sets, Relations S
and Eunctions @ 125m | L. 135

s
(b) 30cm | L "
() 05cm 25m | Ll
Notes d . 6m 120°
T
e 150 cm 15
M 150cm 4O0m | L
12 z
@ . m 5
hy 15m 0.7%m | L
@@ 25m | . 75°

3.2 TRIGONOMETRIC FUNCTIONS

While considering, a unit circle you must have noticed that for every real number between 0
and 2 it, there exists a ordered pair of numbers x and y. This ordered pair (X, y) represents the
coordinates ofthe point P.

/

P (x,y)
y y
(i) (iii)
y y
P (x, ) \ / \
0
X' Q\J X X' QC\O X
P(x,y)
y y'
(ii) (iv)
Fig. 3.3
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If we consider 9=0 onthe unit circle, we will have a point whose coordinates are (1,0).

If 0 = g then the corresponding point onthe unit circle will have its coordinates (0,1).
In the above figures you can easily observe that no matter what the position of the point,
corresponding to every real number 6 we have a unique set of coordinates (X, y). The values of

x and y will be negative or positive depending on the quadrant in which we are considering the
point.

Considering a point P (on the unit circle) and the corresponding coordinates (X, y), we define
trigonometric functionsas:

sinb=y, cosb=x

X
tan 6=2 (for x 2 0) cot6=§ (for y = 0)
X

1
secO=1 (for x # 0), C05909=§ (fory=0)
X

Now let the point P moves from its original position in anti-clockwise direction. For various
positions of this point in the four quadrants, various real numbers @ will be generated. We
summarise, the above discussion as follows. For values of g inthe:

I quadrant, bothx and y are positve.

I quadrant, x will be negative and y will be positive.

I quadrant, x aswell asy will be negative.

v quadrant, x will be positive and y will be negative.

or I quadrant Il quadrant [l quadrant IV quadrant
All positive sin positive tan positive COS positive
Cosec positive  cot positive Sec positive

Where what is positive can be rememebred by :

All sin tan cos
Quardrant | I Il v
If (X, y) are the coordinates of a point P ona y
unit circle and g, the real number generated ©.1)
by the position of the point, thensing =yand P (cos 0,sin 0)
cos @ = X. This means the coordinates of the
point P can also be written as (cos@, sin Q) 0

X (-1,0) (1,00 x

From Fig. 3.4, you can easily see that the
values of x will be between—-1and +1asP
moves on the unit circle. Same will be true for 0, -1) _
y also. , Fig. 3.4
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Thus, for all P on the unit circle
-1<x<1 and -1<y<1
Thereby, we conclude that for all real numbers 6

-1<cos06<1 and -1<sin6<1
In other words, sin@ and cos @ can not be numerically greater than 1

Sl RIS \What will be sign of the following ?

n

18

an

9

51

(1) sin (i) cos (i) tan 9

Solution :

n

18

n

(1) Since 18

lies in the first quadrant, the sign of sin—— will be posilive.
an

9

an

(i1) Since lies inthe first quadrant, the sign of cos 9 will be positive.

51

9

51

(iii) Since 9

lies in the second quadrant, the sign of tan— will be negative.

S'E1lo] CRENON Wrrite the values of (i) sing (i) cos O (i) tang

Solution : (i) FromFig. 3.5, we can see that the coordinates of the point A are (0,1)

. T .
. sinz=1,assinB =y

2
y
Al (0, 1)
(%, y)
X 0 X
B (1,0)
y
Fig.3.5
(i) Coordinates of the point B are (1, 0) .. cos0O=1,ascosO=x

| 66 | MATHEMATICS



Trigonometric Functions-I

. T
sin —
(iii) tan 2.1 which is not defined , Thus tan Z isnot defined.
cos~ 2
2

S ETlo] CRIA Write the minimum and maximum values of cosQ.

Solution : We know that —1<cos 6 <1

-, The maximum value of cosg is 1 and the minimum value of cos g is—1.

Q
\ & | CHECK YOUR PROGRESS 3.3

1. What will be the sign of the following ?

i cosz—7t ii) tan on se02—7t
(i) cos = (i) tan (i) sec =
357 257 3n
iv) sec— tan — i) cot—
(iv) sec— (v) tan == (vi) cot=,
ii) cosec 8 iii) cot n
(vii) 3 (vii) 3
2. Write the value of each of the following :
i cos = in0 (i Cos 2n i tan 3
() o () sin0 (i) 3 (v) 7
. T . 3n ..
) secO (i) tan 2 (viiy tan ) (vii)  cos 2n

3.2.1 Relation Between Trigonometric Functions

Bydefinition x=cos6 , y=sin0

. cos0, sind
Sin 9 nmw ( )
= — P

— 0
cos 0 2 x.v)
y \e

As tano =7, (x=0), =
X

X <
and C0t6=§,(y¢0), y \y

. Cote_cose_ 1
€., sin@ tan®’ (6 nm)
Vv y'
Similarly, sec 6 ! (einnj Fig. 3.6
imilarly, =— — ig. 3.
Y cos 0 2
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L

0 (6 # nn)

Using Pythagoras theoremwe have, x? + y? =1, i.e., (cos 9)2 +(sin 6)2 =1

or, cos? 0 +sin° 0 =1

Notes

Note : (cos 9)2 is written as cos2 0 and (sin 9)2 as sin o
y 2 11\2
Again x2 +y? =1 or 1+(;j =(;) , for x#0

or, 1+ (tan 9)2 = (sec 9)2 ,i.e.sec?9=1+tan’ 0

Similarly, cosec® 0 =1+ cot® @

Sl Prove that sin* 0+ cos* 9 =1—-2sin? 6 cos? 0

Solution : L.H.S.=sin* 8 + cos* 0

—sin® 0+ cos® 0 + 2sin? B cos2 O — 2sin% O cos? O
. 2 2 )2 . 2 2
=(sm 0 + cos 6) —2sin” B cos” O

=1-25sin® 6 cos® © ( +sin? @ + cos® 9:1), =R.H.S.
1-sin®
SEUJLERN Prove that 4|70 =secO —tan 0

1-sin@ (1-sin®)(1-sin6) (1-sin@)°
Solution : LHS. 1+sin0 (1+sin0) (1-sin0) | 1-sin20

(1-sin@)> 1-sin@ 1  sino

B W c0s0  cosO cosp —SecO-tan6=R.HS.

l
SE RN [f Sin0=—— prove that seCO+tand =-2—, given that @ lies in the
second quadrant.

: ing= 2L 2 2
Solution : Sln9=2—9 Also, sin© 0+ cos“0=1
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2
— c0326=1—sin26=1—ﬂ=@=(§j
841 841 29

-20
= Cos 0= 9 (cos 0 isnegative as g lies inthe second quardrant)

-21
tan 0 = 20 (tang isnegative as @ lies in the second qudrant)

sec O +tan0 = —29 +_21=_29_21 =_—5=—2£= R.HS.
20 20 20 ' 2 2

Q
\ & @ CHECK YOUR PROGRESS 3.4

1. Provethat sin* 6 —cos* 0 =sin? 0 — cos® 0
1
2. Iftan6= > find the other five trigonometric functions. where g lies in the first quardrant)
3. IfcosecO= 2 find the other five trigonometric functions, if g lies in the first quardrant.
1rcosb _ cosecO +coto
4. Prove that 1—cosO
5
5. Ifcot®+cosec®=1.5,showthat COSO = a3
6. If tan 6+ sec6=m, find the value of cos 6
7. Provethat (tan A+2)(2tan A+1)=5tan A+2 sec® A
8.  Provethat sin® 0 +cos® 6=1-3sin? 0 cos? 0
9.  Provethat cos § L o _ cos O +sin®
1-tan® 1-cot6
10. Prove that tan 0 L3N o _ cot 0 + cosecO-sec O
1+cos® 1-cosH
13 . . o L
11.  If secx= 5 and x lies in the fourth quadrant, Find other five trigonometric ratios.
3.3 TRIGONOMETRIC FUNCTIONS OF SOME SPECIFIC
REAL NUMBERS
. . ] T T T i . .
The values of the trigonometric functions of 0, 543 and 5 are summarised below in the

formofatable:
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Real T T T T
Numbers 0 5 " 3 5
N\ (0)
Function
J
- 1 | L |
Sin 0 E \/5 7 1
3 1 1
coSs 1 7 \/5 > 0
1 -
tan 0 NG 1 J3 | Not defined

As an aid to memory, we may think of the following pattern for above mentioned values of sin

. 8 0
unction : , 22 V272 \2

On simplification, we get the values as given in the table. The values for cosines occur in the
reverse order.

= ETnlo][XWER Find the value of the following :

.M LT i i 2T 2T 2T
a sin — sin= — cos— CcoS — b 4tan® — —cosec” — —Ccos” —
@ 473 T4 ®) 4 3
Solution :
(@  sin=sin——cos— cos— :(ij[ﬁj_(ij(% :\@—1
43 4773 \2)\2) \(2)\2) 22

2
1 1 1
4tan2—n—cosec22—cosZE =4 12_ 22_(_j =4_4_—=_=

T I .
SC KNV If A= 3 and B =€,ver|fythat cos (A +B) =cos A cos B —sin Asin B

. T T T
Solution: L.H.S. =cos (A +B) =C0s (§+€j =COS§:0
R.H.S. = cos = cos = —sin Zgin = zl.ﬁ_ﬁ.l zﬁ__3:0
36 3 6 2 2 22 4 a

LHS.=0=R.H.S.
cos (A+B)=cosAcos B-sinAsinB

MATHEMATICS
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1. Find the value of
@ sin?Z+tan?Zitan?Z (ii) sin®Z+cosec? = +sec? = —cos? =
6 4 3 3 6 4 3
(iii) cosﬁcosﬁ—sinz—nsinE (iv) acot? L+ cosec? = +sec? Ztan? Z
3 3 3 3 3 4 4
| T | T n) 1
(v) |sin—+sin— || cos——cos— |+—
6 4 3 4) 4
2. Showthat

[1+ tan T tan Ej + (tan r_ tan Ej = sec2 T sec2 r
6 3 6 3 6 3

T

T
3. Taking A=§, B= 5 , verify that
() tan(A+ B)=M (i) cos(A+B)=cosA cos B—sin AsinB
1-tan Atan B

T

e:
4. |If 7

,verify : (i) sin20=2sin 6 cos 0

(i) cos20=cos?0—-sin’0 =2cos?0-1 =1-2sin°0

s
5. If A= verifythat, (i) cos2A=2cos* A-1
. 2tan A . . i
(i) tan 2A:L2 (i) sin2A =2sinAcos A
1-tan” A

3.4 GRAPHS OF TRIGONOMETRIC FUNCTIONS

Given any function, a pictorial or a graphical representation makes a lasting impression on the
minds of learners and viewers. The importance of the graph of functions stems from the fact that
this is a convenient way of presenting many properties of the functions. By observing the graph
we can examine several characteristic properties of the functions such as (i) periodicity, (ii)
intervals in which the function is increasing or decreasing (i) symmetry about axes, (iv) maximum
and minimum points of the graph inthe given interval. It also helps to compute the areas enclosed
by the curves of the graph.
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3.4.1 Variations of sin@ as 6 Varies Continuously From 0O to 2. Y

Let X'OX and Y'OY be the axes of
coordinates.With centre O and radius
OP = unity, draw a circle. Let OP
starting from OX and moving in
anticlockwise direction make an angle
0 with the x-axis, i.e. £ XOP = 6. Draw
PM L X'OX, then sind = MP as OP=1.
-, The variations of sin 0 are the same as those of
MP.

I Quadrant :

I
2
PM is positive and increases from0 to 1.

sin 0 is positive.

As 0 increases continuously from 0 to

Il Quadrant [g Tf}

In this interval, 6 lies inthe second quadrant.

Therefore, point P is in the second quadrant. Here
PM =y is positive, but decreases from1to 0 as 6

. T . ..
varies from 5 to 7. Thus sin 0 is positive.

3n
111 Quadrant [Tf, 7}

Inthisinterval, O lies in the third quandrant. Therefore,
point P can move in the third quadrant only. Hence
PM =y is negative and decreases from0to —1 as 6

. 3n ..
varies from g to PR In this interval sin @ decreases

from 0 to —1. Inthis interval sin 6 is negative.

3n
IV Quadrant [7 2“}

Inthis interval, 6 lies in the fourth quadrant. Therefore,
point P can move in the fourth quadrant only. Here again
PM = vy is negative but increases from -1 to 0 as

3
o varies from%t to 2n . Thussin @ is negative in this

interval.

P

-
N

YI
Fig.

/ <
/ t m
P

3.7

N

N

YI

Fig.
Y

[
xi—M O

3.8

Fig.

L/

3.9

Y

.
N

oj/
<

P

YI

Fig.

3.10
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3.4.2 Graph of sin 6 as 6 varies from 0 to 2m.

Let X'OX and Y'OY be the two coordinate axes of reference. The values of O are to be measured
along x-axis and the values of sin 6 are to be measured along y-axis.

(Approximate value of \/2 =1.41, = =707, \/é—.87)
2
o | Z |2 |2 |28 |5m Tn |4n (3r | St fin
9 6 |3 1213 |6 || |3 [2]3 |6 [&
ino | o | 5 |87 | 1 |87 | 5o |-5]87]-1F87|-5 |0

N3

Fig. 3.11

Some Observations

() Maximumvalue of sing is1. (if) Minimum value ofsin @ is—1.

s 3n
i) It iscontinuous everywhere. (iv) Itisincreasing from0to — and from — to 2r.
2 2

3
It is decreasing fromg to %t . With the help of the graph drawn in Fig. 6.11 we can

always draw another graphy =sin ¢ inthe interval of [ 2, 4r] (see Fig. 3.12)

What do you observe ?

The graph of y =sin ¢ inthe interval [ 2, 4] is the same as that in 0 to 2r. Therefore, this
graph can be drawn by using the property sin (2r +6) =sin 6. Thus, sin @ repeats itself when
gisincreased by 27t. This is known as the periodicity of sin 0.

/\ AN

on 511 3n

Fig. 3.12
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We shall discuss in details the periodicity later in this lesson.
SElo] MK Draw the graph of y =sin 20 inthe interval 0to r.

Notes

Solution :
N O 2 B B To| 2z 3m) 5S¢
0: 6 | 4 3 2 3 4| 6 m
0 lo| 2| = | 2 dm| 3m| 5w
: 3| 2 3 m 3 > | 3| 2m
sin20fo | 87| 1 | .87 o | -871 -1|-87| o
y
1
1 1 1 1 1 1 1 1 1 1 >
0 oz I 2z 3n S T
6 4 3 2 3 4 6
-1
,
Fig. 3.13

The graphis similar to that of y=sin 9

Some Observations

1. The other graphsofsin g, likeasin g, 3sin2¢@ can be drawn applying the same
method.

2. Graphofsin g, inotherintervalsnamely [4 =, 6 ©| , [-2 =, 0], [-4 ® ,—-2 n],
can also be drawn easily. This can be done with the help of properties of allied

angles: sin (6 + 2 ) =sin 6, sin (6 — 2 &) =sin 6. i.e., g repeats itself when
increased or decreased by 2 .

Q
\ & § CHECK YOUR PROGRESS 3.6

1. What are the maximum and minimum values of sin 0 in [0, Zn] ?

no

Explain the symmetry in the graph of sin© in [0, Zn]

w

Sketch the graph of y =25sin g, inthe interval [0, =]

MATHEMATICS
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4. Forwhat valuesof g in [, 2n],sin g becomes, (2) - (b) —— Sets, Relations
2 2 and Functions

5.  Sketchthegraphofy=sinx intheinterval of [, 7]
3.4.3 Graph of cosd as 6 Varies From 0 to 2n

As in the case of sin@, we shall also discuss the changes in the values of cos 6 when 6 assumes Notes

values in the intervals [O,E} , [E , n} , [n, 3_“} and 3n 27r

2 2
P (x,y)
I Quadrant : Inthe interval [01 T } , point P lies in
2
the first quadrant, therefore, OM = x is positive but 0
. T M X

decreases from 1 to 0 as©O increases from 0 tOE'

Thus in this interval cos0 decreasesfrom1to 0.

-, COS 0 is positive in this quadrant.

Il Quadrant : Inthe interval [g , n} , point P lies in

. . y
the second quadrant and therefore point M lies on the P(x.y)
negative side of x-axis. So in this case OM = x is
negative and decreases from o to —18s@ increases
0
\

TU . ..
fromz to . Hence in this inverval cos @ decreases X
from 0 to — 1.

cos 0 Is negative.

3n ;
Il Quadrant : Inthe interval [TC , 7} point P lies Fig. 3.15

in the third quadrant and therefore, OM = X remains
negative as it is on the negative side of x-axis. Therefore
OM = x s negative but increases from-1to0as 0
3 \
O/

. I .
increases from  to o Hence in this interval cos 6

increases from-1to 0.

COS @ Is negative.

IV Quadrant : Inthelnterval[&c 2n},pointPIies
2

MATHEMATICS
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y

side of x-axis. Therefore OM = x is positive. Also it
increases from0to 1 as O increases from 3n to 27
2 y VAR N
Thus in this interval cos 0 increases from0to 1. \A\ o
COSO Is positive.
Let us tabulate the values of cosines of some suitable
values of 0. y Py
Fig.3.17
o I A B Rt Tm| 4m | 3| Sl
0 6| 3| 2|3 6| ™ 6| 3| 2| 3|6/|%
cosO| 1 |.87 5 0| 0.5 -.87 -11 -87] -5 0 05| .87(1
y
]
x
3n  2n

Fig. 3.18
Let X'OX and Y'OY be the axes. Values of 6 are measured along x-axis and those of coso
along y-axis.

() Maximumvalueof cos 6 =1. (i) Minimum value of cos 6 = —1.

(iif) Itiscontinuous everywhere.

(iv) cos (6 + 2m) = cos 6. Also cos(6 — 27) = cos 6.Cos 0 repeats itself when 0 is
increased or decreased by 2. It is called periodicity of cos 6. We shall discuss in
details about this in the later part of this lesson.

(v) Graphof cos 6 intheintervals [2r, 4n] [4n, 6x] [-2%, 0], willbe the same as

in [0, 2x] .

= e o] NS Draw the graph of cos 0 as varies from —r to . Fromthe graph read

the values of 6 whencosg=+0.5.
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Solution : MODULE - |
Sets, Relations
. i o B 2 2 OO L L 1 5L and Functions
O™ 76 |3 | 2| 3|6 6 |3 |2]3| 6|7
cos0]-1.0] -0.87 | -0.5 O .50[|-.87]10]087 [05 0]-0.5]-0.87] -1
Y Notes
cos 0=05 :
_’E —Tt
when _E’? "y
2= 2
cos 0 =-0.5 3 S o
- I T 0 non
I 3 2
when ezz_n,ﬁ 05 »
3 3 y'
Fig. 3.19
SENo NN Draw the graph of cos 20 inthe interval 0 to .
Solution :
o | 2 | 2| 2| T ZZF| 3®|5m
0 6 4| 3| 2| 3| 4 |% |”
o | 2| 2|2 dn) 3m | 5S¢
20 3 2 | 3 T 3| 2 |3 |
cos206 | 1 |05 0 [ -0.5 -1] 0.5 0| 05 1
1,Y
I 3n
4 4
1 1
0 g n
-1 y.
Fig. 3.20
r1
L" # CHECK YOUR PROGRESS 3.7
1. (@ Sketchthegraphofy = coseasevariesfromitoﬁ.

MATHEMATICS
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(c) Draw the graphof y = cos 30 from — = to © and read the values of 6 when
cos 6=0.87 and cos0=-0.87.

(b) Draw the graphof y =3 cos 6 asgvariesfrom 0 to 2x .

(d) Doesthegraphofy = cos 0 in B , 3?71 lie above x-axis or below x-axis?

(e) Drawthegraphof y = cos 0in[2n, 4]
3.4.4 Graph of tan 6 as 6 Varies from 0 to 2w
sin 6
cos 0

In 1 Quadrant : tan @ can be written as

. . ] 1
Behaviour of tan @ depends upon the behaviour of sin 6 and 05 0

In I quadrant, sin 6 increases from0 to 1, cos 6 decreases from1to 0

But

05 0 increases from 1 indefintely (and write it as increasses from1to o0) tan 6 >0

tan g increases from0to « . (See the table and graph oftan ¢).
sin
cos 0

In 11 Quadrant : tan 0 =

sing decreases from1to 0.

cos 0 decreases from 0 to —1.

tan 0 is negative and increases from —_« to 0
sin 0

cos 0

sin 0 decreases from 0 to -1

In 111 Quadrant : tan 6 =

cos 0 increasesfrom —1to 0

tan O is positive and increases from 0 to o
sin ©

cos 0

sing increases from —1to0

cos 0 increases from0to 1

tan 0 is negative and increases form —oo t0 0
Graph oftan 6

In IV Quadrant : tan 6 =

T
T _oo| o] S| 28 I 2m S ol 3T 4 gof 2T |28
2 m 2 6 | 2"

o3
w3
N
w
o

tan® | O | 58| 173| +oo |-173|-58] O |58 | 173|400 | -0 [-1.73 |-58 0|0

MATHEMATICS
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NE
3
W
B
N
a

Fig. 3.21

() tan(180°+6) =tan6. Therefore, the complete graph of tan 6 consists of
infinitely many repetitions of the same to the left as well as to the right.

(i) Since tan (-0) =—tan 0, therefore, if (6, tan 6) is any point on the graph then
(-6, —tan 0) will also be a point on the graph.

(i) By above results, it can be said that the graph of y = tan 6 is symmetrical in
opposite quadrants.

(v) tan® may have any numerical value, positve or negative.

i

2" 2

(vi) As @ passes through these values, tan 6 suddenly changes from +o t0 —co.

(v) Thegraphof tan© isdiscontinuous (has a break) at the points 6 =

3.4.5 Graph of cot 6 as 6 Varies From 0 to 2n
1

1
as cot0=cos0——

The behaviour of cot 6 depends upon the behaviour of cos 0 and sino
sin©

We discuss it in each quadrant.

1
: CcotO =cosOx
I Quadrant : sin®

cos 6decreases from1to 0
sin 0 increases fromOto 1

cot 6 also decreases from +ooto O but cot 6 > 0.

cot O = cos O x 1
Il Quadrant : sino

cos 0 decreases from 0 to -1
sing decreases from 1to 0

MODULE - |
Sets, Relations
and Functions

Notes
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= cotO < 0 or cot O decreases from 0 to —o

1
. cot 6 = cos O x
11l Quadrant : sino

cos 0 increases from -1 to 0

Notes sin 0 decreases from 0 to —1

- cot 0 decreases from +o to 0.

1
. cot B = cos Ox
IV Quadrant : sino

cos O increases from 0 to 1
sin O increasesfrom —1to 0
-.cot 6<0
cot 6 decreases from 0 to —

Graphof cot 6

ol Z | E|E[ 2| 5 Im |4 | 3nf Sm| lin
0 6 13123 |6 | 9nt0 5 |3 | 2] 3| 6 |2™
cot 0 |ol.73| 58] 0[-.58-1.73] —oo | 1o0 |1.73| 58] 0 -.58|-1.73] —o

(&) %
y
0 w2 b 37/2 2n
yI
— 0 — 0
Fig. 3.22

(i) Since cot (n+ 0) = cot O, the complete graph of cot 0 consists of the portion from

9=0to0=m or 9="to 923_“.
2 2

IEN MATHEMATICS




Trigonometric Functio

(i) cot 6 can have any numerical value - positive or negative.
(i) The graphof cot 6 isdiscontinuous, i.e. it breaksat 0 , &, 27,.

(iv) AsO takesvalues 0, m, 27, cot ¢ suddently changes from — oo to +

Q
\ & § CHECK YOUR PROGRESS 3.8
1

(@ What is the maximum value of tan 0 ?

tan 0 at E 3—n7
(b) What changes do you observe in >

e 0]

(c) Drawthegraphofy = tan 6 from —x tox. Find from the graph the value of © for

which tan6 = 1.7.
2. (a) Whatisthe maximum value of cot 0?
(b) Find the value of @ whencot 6 = — 1, fromthe graph.

3.4.6 To Find the Variations And Draw The Graph of sec 6 As 0 Varies From 0 to 2.

Let X'OX and Y'OY be the axes of coordinates. With

centre O, draw a circle of unit radius. v

Let P be any point on the circle. Join OP and draw
PM | X'OX.

secl = op !

oM OM
. Variations will depend upon OM.
I Quadrant : sec g is positive as OM is positive.

n T
Also sec 0 = 1 and SeC = = when we approach — Fig.3.23

2
fromthe right. /
T
- As @ varies from0 to —, sec@ increases from 1 to

AV

.. 2 L
o0 .
Il Quadrant : secg@is negative as OM is negative.
Fig.3.24

seclzt =-oowhen we approach g from the left. Also sec

TU
- As @ varies from Eto m , secOchanges from
— oo to —1. K

Fig. 3.25

i
%

Yy

MATHEMATICS
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It is observed that as@ passes through g , Sec O changes

from +o0 t0 — 0.

111 Quadrant : sec is negative as OM is negative.

etric Functions-1
Y

3 \
secrt =—1 and sec 7“ = — oo Whenthe angle approaches x M 5 X
)
3 . e .
> in the counter clockwise direction. As 0 varies from
P
3n Y
n to—, sec gdecreasesfrom —1to — .
2 Fig. 3.26
IV Quadrant : secg is positive as OM is positive. when 9
Y
is slightly greater than 37“ sec 0 is positive and very large.
Also sec 2 = 1. Hence sec 0 decreases from « to 1 as
, M
0 varies from 37“ to27. X 0\ X
It may be observed that as @ passes through
3m y P
—-; sec B changes from — o to + oo _
2 Fig.3.27
Graph of sec 6 as@ varies from 0 to 2«
b | w P 2n| brm in | 4n| 3x 3n 5n|1ln
S e I B P P I B B B B P AP ) O
cot® | 1| 115| 2| 4o0| —o| 2| -115] 1| -115] 2| —o0 | 400 |2 [1.15
y T v
1
b 3n T
ol % 7 2
1
) / \
y s B Fig. 3.28
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(@  seco cannot be numerically less than 1.

3
(b)  Graphofsec6 isdiscontinuous, discontinuties (breaks) occuring at z and Rl .

3
(c) As 0 passesthrough g and %t ,see @ changes abruptly from +oo to —oo and then

from —oo to +oo respectively.

3.4.7 Graph of cosec 6 as 6 Varies From 0 to 2z

Let X'OX and Y'OY be the axes of coordinates. With
centre O draw a circle of unit radius. Let P be any
point on the circle. Join OP and draw PM
perpendicular to X'OX.

cosecO=— OP 1

MP MP
-, The variation ofcos ec 6 will depend upon MP.

I Quadrant : cosec 0 is positive as MP is positive.

T . .
cosec 5" 1 when 6 isverysmall, MP is also small and

therefore, the value of cosec 0 isvery large.

) T
- As 0 variesfromO to 5 , cosec O decreases from
o to 1.

Il Quadrant : PM is positive. Therefore, cosec 0 is

.. T
positive. cosec 5 =1 and cosec m =0 when the

revolving line approaches = in the counter clockwise

1to .
11l Quadrant :PM is negative

-, cosec 0 is negative. When 0 is slightly greater than r,

2 2

Y
Fig. 3 29

A
N

Fig. 3.30

direction. \
) I .
- As 0 varies fromE to m ,cosec O increases from K/

Fig. 3.31

O m
— X
P P

MODULE - |
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cosec O is verylarge and negative.

i |
3
Also cosec 5 =" 1.
X M X

. 3n
Notes | . As 6 varies from 7 0 PE cosec® changes from

— oo to -1.

Y
PV
It may be observed that as 6 passes through =, cosec 0

changes from + oo to — 0.

Y
IV Quadrant :
PM is negative.
Therefore, cosec 6 = — oo as 6 approaches 2r. X' '\: X

Fig. 3.32

0

. 3n .
-, as @ varies from — to 2x, cosec@ varies from—

2
1t0-—. v P
Graph of cosec 0 Fig.3.33

o| Bl | 2| 2|5 In| 4m \3r) St fin
0 6|3 |2 3|6 |™ ™0 6| 3 |23 [6 |
cosecO | oo| 21150 1| 1.15] 2 | 4uo| —eo| —2|-1.15|-1|-1.15|-2 |

3 2
o z T "
-1
yl / \
Fig.3.34

(@ cosec cannot be numerically less than 1.
(b) Graphofcosecg is discountinous and it has breaksat 6 =0, , 27 .

(c) As g passesthrough , cosec ¢ changes from +o0 t0 —oo . The values at 0 and
2m are 400 and —oo respectively.

MATHEMATICS
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2'¢1o] CRWEGEN Trace the changes in the values of sec 6 as 0 lies in —x to .

Soluton :
\y /
]

S
(B
a

AR

y
Fig. 3.35

Q
\ & § CHECK YOUR PROGRESS 3.9

1. (a) Trace the changes in the values of sec © when g lies between —25 and 25 and
draw the graph between these limits.

(b) Trace the graph of cosec 9 ,when g lies between —2x and 2.

3.5 PERIODICITY OF THE TRIGONOMETRIC FUNCTIONS

From your daily experience you must have observed things repeating themselves after regular
intervals of time. For example, days of a week are repeated regularly after 7 days and months
of ayear are repeated regularly after 12 months. Position of a particle on a moving wheel is
another example of the type. The property of repeated occurence of things over regular intervals
is known as periodicity.

Definition : A function f (x) is said to be periodic if its value is unchanged when the value of the
variable is increased by a constant, that is if f (x + p) = f (x) for all x.

If p is smallest positive constant of this type, then p is called the period of the function f (x).

1
Iff (x) isa periodic function with period p, then T(x) isalso a periodic function with period p.

3.5.1 Periods of Trigonometric Functions
0) sinx=sin(x+2nn):n=0, +1, +2, .....
(i) cosx=cos(x+2nm);n=0, +1, +2,.....
Also there isno p, lying in0to 2r, for which
sinx =sin(x+p)

cosx =cos(x+p), forallx

MODULE - |
Sets, Relations
and Functions

Notes
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(i

(v)
v)

(i)

1.

2m is the smallest positive value for which

sin(x+2n)=sinx and cos(x +27) = cosx
sin x and cos x each have the period 2x.

Trigonometric Functions-1

. . 1
The period of cosec X is also 2n because cosec X = ——

The period of sec x isalso 2w assec x =

1

sin x

coS X

Also tan (x + 1) = tan x. Suppose p (0 < p <) is the period of tan x, then

tan (x+p)=tanx, forallx. Putx=0,thentanp=0,i.e,p=0o0r x.

— the period of tan xis r.

Since cot x =

. Theperiodof tanx IS &t

tan x

(a) y=3sin2x

Solution :

, therefore, the period of cot xisalso r.

(b) y=cos =
2

. 21,
(@) Period is —, i.e., .

2

1
(b y= COSEX , therefore period =

(c) Period of y = tan

X =4n
4

AR

r\J\l—\|'§’

. p cannot have values between 0 and 7 for which tan x = tan (x +p)

SETlo) RMYA Find the period of each the following functions :

(c)y=tan X
4

4r

Q
& J CHECK YOUR PROGRESS 3.10

Find the period of each of the following functions :

(8) y=2sin3x

(c) y=tan 3x

(b) y =3 cos 2x

d)y =sin? 2x

MATHEMATICS
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T4 7
el LET Us sum uP

An angle is generated by the rotation of a ray.

The angle can be negative or positive according as rotation of the ray is clockwise or
anticlockwise.

A degree is one of the measures of an angle and one complete rotation generates an
angle of 360°.

An angle can be measured in radians, 360° being equivalent to 2x radians.

Ifan arc of length | subtends an angle of @ radians at the centre of the circle with radius
r,wehavel=rg.
Ifthe coordinates of a point P of a unit circle are (X, y) then the six trigonometric functions

are defined as sin® =1y, cosd=x,tan0 =, cotd ==, secO = & and
X y X

cosec o = i

y
The coordinates (x, y) of a point P can also be writtenas (cos 6, sin ).

Here @ is the angle which the line joining centre to the point P makes with the positive
direction of x-axis.

The values of the trigonometric functions sin @ and cos © when @ takes values 0,

BERR T enD
6’4’ 3, 2areg|ven Yy
Real —
numbers @ 0 n n n n
m 6 4 3 2
. 1 1 NG
Sin 0 2 \/E 7 1
Na 1 1
coS 1 > NA > 0

Graphs of sin 0, cos 0 are continuous every where

— Maximum value of both sin @ and cos 0 is 1.

— Minimum value of both sin ©and cos 0 is-1.
— Period of these functions is 27.

MATHEMATICS
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tan 6 and cot 6 can have any value between — and +oo.

—  The function tan 6 has discontinuities (breaks) at g and %ﬂ in (0, 2m).

— ltsperiodis =.

— Thegraphof ¢cot © hasdiscontinuities (breaks) at0, =, 2. Itsperiod is .
sec © cannot have any value numerically less than 1.

T
2
(i) cosec@ cannot have any value between—1and +1.

3
() Ithasbreaksat - and % It repeats itself after 2.

It has discontinuities (breaks) at 0, =, 2. It repeats itself after 2rx.

e SUPPORTIVE WEB SITES

http://en.wikipedia.org/wiki/Trigonometric_functions
http://mathworld.wolfram.com/ Trigonometric_functions.html

Sl TERMINAL EXERCISE

A train is moving at the rate of 75 km/hour along a circular path of radius 2500 m.
Through how many radians does it turn in one minute ?

Find the number of degrees subtended at the centre of the circle by an arc whose length
is 0.357 times the radius.

The minute hand of a clock is 30 cm long. Find the distance covered by the tip of the
hand in 15 minutes.

Prove that
1-sin® 1
=secO—-tan0 ——— =5ecH-tan0
(@ 1+sin® () secO + tan 6
(c) tan 9 coto = 2sin6cos 6 (o|)l+sme=(tane+sece)2

1+tan20 1+cot26 1-sin®

(€) sin8 6 — cos8 6 = (sin26 — cos2 0 )(1 - 2sin2 0 cos2 0

(f) \/sec2 6 + cosec2 6 = tan 6 + cot O

T .
If 0 = Z,verlfythat sin30 = 3sin 0 — 4sin3 0

MATHEMATICS
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6. Evaluate :
. 257 . 21n
sin —— o
(a) : (0 sin=
31 . 17
il sin —
() tan( n j d) 7 T

COoS g e
© 5

7. Draw the graph ofcos x from x = ~Ttox= 3

5
Define a periodic function of x and show graphically that the period of tan x is r, i.e. the
position of the graph fromx = &t to 2 is repetition of the portion fromx=0tor.

MODULE - |
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MODULE - | A
Sets, Relations . -
and Functions L\-'J ANSWERS
CHECK YOUR PROGRESS 3.1
L ok o L 51 s 3
et 03 W) 75 (i) 75 ™) 1 V5
2. (i) 45° (i) 15° (i) 9° (iv) 3° (v) 120°
5 & LB lmo Sn 5 d
' 4’ 36 36 ' 6 ' 3
CHECK YOUR PROGRESS 3.2
1 T o ~ on
. @5 (b) 3 © 5
2. (a) 36° (b) 30° (c) 20°
1 . 1 .
3. 5 radian; 9.55° 4. 3 radian 5. 95.54m
6. (@) 0.53m (b) 38.22cm  (c) 0.002 radian
(d) 12.56 m (e)31.4cm  (f) 3.75radian
(9)6.28m (h) 2radian (i) 19.11 m.
CHECK YOUR PROGRESS 3.3
1. (i) —ve (i) —ve (iii) —ve (iv) +ve
(V) +ve (vi)—ve (vii) +ve (viii) —ve
2. (1) zero (i) zero (iir) —% (iv)—-1
(v)1 (vi) Not defined (vii) Not defined (viii) 1
CHECK YOUR PROGRESS 3.4
_ 1 2 NG
2. 5|n9=£,COSO:ﬁ,cot(%:Z,cosecezx/g,s‘?ce:?
) a b2 — a2 b
== - secH =
3. sin b’ cos 0 0 , m ,
a b2 — 32 om
o2 — a2 coto " 6. 1o m2
5 . -12 -13 -12 -5
11. COSX =—,Sin X =——,c0Sec = ——,tan X = ——,Ccot X = —
13 1 1 5 12

IEN MATHEMATICS
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CHECK YOUR PROGRESS 3.5

L el Sel 22 .
. ® 7 (i) > (i) —1 (iv) 3 (v) Zero
CHECK YOUR PROGRESS 3.6
1. 1, -1 3. Graphofy=2sin g, [0,7]
Y
2T T
I
I
I
I
I S
x1\ 0 /2 T ,x
\y'
Fig. 3.36
R R & S —
: €)] 5' 6 (b) 3 3 : y=sinxfrom-nton
/\y
X ,—n _lﬂ 0 lﬂ T > X
2 2
/y'
Fig. 3.37

CHECK YOUR PROGRESS 3.7

s T
=C0s0, — = to —
1. @Yy 2°7

N

/TN

Fig. 3.38

INEN S

y' v

> X
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MODULE - | (b) y =3cos0; 0 to 2n
Sets, Relations
and Functions y
27
3
Not . 1
otes X To I \\“_/ 3n X
2 2
-3
N y.
Fig. 3.39
(c) y=co0s30,-mtom N
cosO = 0.87
T T
e ==, —— v 1 1
6 6 XX - -m/2 0 /2 n> X
cos 0 = -0.87
0= 5_“, _on A4
6 6 Fig. 3.40
T 3¢

(d) Graphof y = cos 6 in ( j lies below the x-axis.

22
(e) y =cos6
9 liesin 2w to 4n

\Y'
-1
3n
X < 0 ;E 2n | 4In > X
1
y
Fig. 3.41
CHECK YOUR PROGRESS 3.8
1. (@) Infinite (b) At g 37“ there are breaks in graphs.

MATHEMATICS
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(© y=tan20, —ntomn MODULE - |

Sets, Relations

P and Functions
AL O= 3 tan6 =17

3
2. (@) Infinite (b) coto=-1lat 0 = Tn

Notes

CHECK YOUR PROGRESS 3.9

1. @ y =seco
X' X
—2r 1-3n/2 | T —n/2 /2 T 3n/2 2n
Fig. 3.42
T 3

Points of discontinuity of sec 20 are at inthe interval [ 0, 2= ].

4’ 4

(b) Intracing the graph from 0 to —2r, use cosec(—6) = — cosec 6.

CHECK YOUR PROGRESS 3.10

X .. 2:n . .

1. (a) Period |s? (b) Period |s7=1t (c) Period ofy |s§
d y—sin22x——l_0054x—i—lcos4x-p iod ofyi 2—nieE
(d) > 573  Periodofy is = ~1.€5

x+1
(e) Y = 300'[(7) Period of y is % =3n

3
TERMINAL EXERCISE
1 .
1. > radian 2. 20.45° 3. 157 cm
1 1 1 1
6. (a)g (b) A (c) -1 (d) 2 (e)g

MATHEMATICS
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and Functions

S

! ]
X' 4 0 X
Notes 2

%
Fig.3.43
8. y
21
x\' o 7 T 3z ;
> 2
y' A
y =secO
Fig.3.44
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