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DIFFERENTIATION OF TRIGONOMETRIC

MODULE - VIII
Calculus

FUNCTIONS

Trigonometry is the branch of Mathematics that has made itself indispensable for other branches
of higher Mathematics may it be calculus, vectors, three dimensional geometry, functions-harmonic
and simple and otherwise just can not be processed without encountering trigonometric functions.
Further within the specific limit, trigonometric functions give us the inverses as well.

The question now arises: Are all the rules of finding the derivative studied by us so far appliacable
to trigonometric functions?

This is what we propose to explore in this lesson and in the process, develop the fornulae or
results for finding the derivatives of trigonometric functions and their inverses. In all discussions
involving the trignometric functions and their inverses, radian measure is used, unless otherwise
specifically mentioned.

| oBIECTIVES

After studying this lesson, you will be able to:

° find the derivative of trigonometric functions from first principle;
° find the derivative of inverse trigopmometric functions from first principle;
° apply product, quotient and chain rule in finding derivatives of trigonometric and inverse
trigonometric functions; and
° find second order derivative of a functions.
EXPECTED BACKGROUND KNOWLEDGE
° Knowledge of trigonometric ratios as functions of angles.
° Standard limits of trigonometric functions
° Definition of derivative, and rules of finding derivatives of function.

27.1 DERIVATIVE OF TRIGONOMETRIC FUNCTIONS FROM

FIRST PRINCIPLE

()] Lety=sinx
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igonometric Functions

For asmall increment § X inx, let the corresponding incrementinybe §.

and

Thus

y+3y=sin(x+5x)

Sy =sin(x+46x)-sinx

= 2C0S X+Q sinﬁ sinC—sinD=2005C+DsinC+D
2 2 2 2
sinﬁ
Q=ZCOS(X+QJ 2
oX 2 OX
sing sindox
Iimgzlimcos(wrﬁ)lim =Ccosx.1 colim 2 =1
&x0 S 6x-0 2 ) x50 6X 5x-0 Q
2 2
ﬂzcosx
dx
d, .
—(smx)zcosx
dx
(i) Let y =cosx

For a small increment § X, let the corresponding incrementinybe sy.

and

y+3y=cos(x+5x)
8y =cos(X+35X)—Ccosx

i ( 5XJ. S5X
=-2sin| X+— |sin—
2 2

sinﬁ

ﬂ=—25in(x+ﬁj~ 2

oX 2 oX
sing
|imQ=—|imsin(x+%j.|im 2
5x0 §X 5x—0 2 ) -0 6X
2

=-sinx-1
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Differentiation of Trigc

Thus,

d_y =-Sin X
dx

d .
d—X(cos X)=—sinx

(i) Lety=tanx

For a small increament dx in X, let the corresponding increament in'y be dy.

and

Thus,

y+3y =tan(x+5x)

sin(x+6x) _sinx
cos(X+5X)  CosX

Sy =tan(x+d6x)—tanx =

_sin(x+8x)-cosx—sinx-cos(x+6x) sin[(x+5x)—x]

- cos(x+Jx)cos x ~ cos(x+5x)cos

B sin 6x
cos(X+46x)-cosx

Sy _sinéx 1
55X 6x  cos(x+5x)cosx

.0y . sinox .. 1
or lim—=Ilim -lim
X0 §X 90 §X  9x>0C0S(X+6X)COS X
. Sindx
:1.% —sec? x colim =1
Cos“ X — x>0 §X
d
Y sec?x
dx

(;j—x(tan X) = sec” X

(v) Lety=secx

For a small increament § xin, let the corresponding increament inybe Sy.

and

y+3y =sec(X+5x)

1 1

8y =sec(X+5x)—secx ~ cos(x+6%) cosx
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. OX | . OX
_ cosx—cos(x+48x) 2SN X+ [sin ==
cos(x+8x)cosx = cos(X + 5X)CosX
sin(x+5xj sinﬁ
im—=lim
x50 §X x>0 €OS(X+6X)COSX  OX
2
sin(x+5xj sing
.0y .. 2 .
lim—=Ilim
5x>0 §X 9x30C0S(X+5X)COSX x>0 OX
2
sin x sinx 1
=——>—1-= . = tan x.sec x
COS*® X COSX COS X
Thus, d—yzsecx.tanx
dx
ie. i(sec X) =secx-tan x
dx
Similarly, we can show that
d 2
—(cot x) =—cosec’x
dx
d
and &(cosecx)z—cosecx-cotx
el PAME  Find the derivative of cot x2 fromfirst principle.
Solution: y = cot X2

For a small increament §x in X, let the corresponding increament inybes'y .
y+38y= cot(x+5x)2
Sy = cot(x+5x)2 —cot x*

_COS(X+5X)2_cosx2 _COS(X+5X)ZSinX2—COSXZSin(X+5X)2
sin(x+5x)2 sin x? sin(x+5x)zsinx2
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) sin[x2 —(x+5x)2} ) sin[—2x5x—(6x)2} _ —sin[(2x+6x%)6x

- sin(x+5x)2 sin x?

sy  -sin [(2x+56%)5x]

Sx 5xsin(x+5x)2 sin x?

sy . sin[(2x+8x)8x] 2%+ SX
and lim——=—1lim lim — T
FOOFX 0 SX(2X+8X)  OVsin(x+8x) sinx
dy 2% sin| (2x+6%)5x | .
_:_1.— =
o dx sin x2.sin x* 000 SX(2x+6x)
_ —2X _ —2X
(sinx? )2 sin?x* =-2x.cosec’x’
Hence i(cot X ) =-2X-cosec’x’
dx

S WIWR  Find the derivative of \/cosecx from first principle.

Solution: Let y=+/cosecx

and y+8y =,/cosec(x+5X)

[\/cos ec(x+6x) —Jcos ecx}[\/cos ec(x+6x) ++/cos ecx}

oy=

sin (x+8x)” sin x? B sin(x+6x)’ sin x?

\/cosec(x+5x)+\/cosecx

1 1

sin(x+6x) sinx

Jeosec(x+5x) ++/cosecx Jeosec (x+8x) ++/cosecx

cosec (X +6x)—Cosecx

sinx—sin(x+6Xx)

[1/cosec(x+6x) +\/cosecx}[sin(x+6x)3in X]

( SXJ. S5X
2C0S| X+ — |sin—
2 2

(,/cos ec(x +5x) +~/cos ecx)[sin (x+05x)sinx]
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or

Thus,

of Trigonometric Functions

S cos(x+62XJ sinsx/2
lim 2¥ — _ lim 0%/ 2

208X 20 [oosec(x+6x) +4Jcosecx] | Sin(x+6x).sinx]

dy _ —COS X 1 .
dX  (2,/(cosecx)(sinx)’ =~ (cosecx)z (cosecxcot x)

1
di(wlcos ec x) = %(cos ecx )z (cosec xcot x)

X

=SEN o] AR Find the derivative of gec? x fromfirst principle.

Solution: Let y = sec? x

and

then,

Now,

1.

y+3y =sec’(Xx+5x)

cos’ Xx—cos* (X+5x)
cos? (x+6x)cos’ X

Sy =sec’ (x+5x)—sec’x =

_sin[(x+6x+x]sin[(x+6x—x)] _ sin(2x+6x)sin 5x
- cos? (x +6x)cos’ x cos? (X +5x)cos? x

oy _ sin(2x+5x)sinox
5X  cos’(Xx+6x)cos” x5x

lim ﬂ: lim sin(2x+ ox)sin ox

0x>0 §X %0 C0S” (X+6X)C0S” XX

dy sin2x ~_ 2sin Xcos X

—=— = ~— = 2tan x.sec” X
dx CO0S“XC0S” X  COS” XCOS” X

= 2sec x(secx.tan x) =2secx(sec xtan x)

Q
\ & § CHECK YOUR PROGRESS 27.1

-

Find derivative from principle of the following functions with respect to x:

(a) cosec x (b) cot x (c) cos 2x
(d) cot2x (e) cosec’x  (f) v/sinx

Find the derivative of each of the following functions:

(@) 2sin? x (0) cosec’x  (€) tan® x
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27.2 DERIVATIVES OF TRIGONOMETRIC FUNCTIONS

You heve learnt how we can find the derivative of a trigonometric function from first principle
and also how to deal with these functions as a function of a function as shown in the alternative
method. Now we consider some more examples of these derivatives.

SNl AN Find the derivative of each of the following functions:

()sin2x  (i)tanyx (i) cosec (5x°)

Solution: (i) Let y =sin 2x,
=sint, wheret=2x
dy dt
— =cost =2
dt and e
BychainRule, =3 9 e
ychainRule, =~ we heve
d—y=cost(2)=2.cost=20052x
dx
d , .
Hence, &(sm 2x) = 2¢0s 2x

(i) Let y=tan'x

=tant wheret=/x
dy 5 dt 1
— =sec’t —=—
at and dx  2vx
Bychainrue, o= & wen
ychainrule, =" we heve

2
d_yzseczt 1 _sec\&

dx 0% 2dx
sec
Hence, (tan Jx ) \/—;/—
Alternatively: Let y = tan+/x
sec? /x
Y _sec \/— \/_
d 2J/x
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rigonometric Functions

(i)  Let y=cosec(5x*)

% = —C0S ec(5x3)cot(5xs)'%[5xs]

= -15x" cosec(5x° ) cot (5x°)
or you may solve it by substituting t = 5x3
el PABN Find the derivative of each of the following functions:

_sinx
1+cosx

(i) y = x*sin 2x (i) y
Solution : y = x*sin 2x

. dy 4 d . . d 4 .
2 —x*=_(sin2 Sin2Xx—
0) = dx( in2x)+sin 2x dx(x ) (Using product rule)
=x"(2cos2x)+sin 2x(4x3)
=2x*cos 2x + 4x3sin 2x

= 2x*[xc0s 2x + 2sin 2|

. Let y= sin X
(W) ¢ 1+ cosx

dy (1+cos x)(;jx(sin X)—sin x(;jx(1+ CoS X)

dx (1+cos x)2

_ (1+cosx)(cosx)—sinx(-sinx) _ cosx+cos® x+sin’ x
(1+cos x)’ (1+cos x)’

cosx+1 1 __ 1 1.eX
2 2

2 2c0s?
(1+cosx)”  (1+cosx) >
SN[ CPAMN Find the derivative of each of the following functions w.r.t. x:

0] cos? X (i) \sin® x
Solution : 0) Let y = cos® X

—t2 wheret=cosXx
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; i MODULE - VIII
y .
2ot — =—sinx Calculus
dt and dx
Using chain rule
dy _dy dt
dx dt dx’ wehave Notes
dy _ 2c0s x.(—sin x)
dx

=—2C€0S XSIn X =—Sin 2X
(i)  Let y=1/sin®x

dy _Locayvz doca o L -3sin? X - COS X
dx_2(Sln X) dx(Sln X) 2+/sin® x

3 =
=—+/sin X cos X
2

Thus, di(\/singx):g Sin X cos X

X

. dy
i _ [1-sinx
@ y= 1+sinX

Solution : We have,
. _ [1-sinx
0 y= 1+sinx
1
ﬂ_i[l—sin x}z .i[l—sin x}
dx 2[1+sinx] dx[1+sinx
1 fl+sinx (=cosx)(L+sinx)—(1—sin x)(cos x)
2 V1-sinx (l+sinx)2

l\/l+sinx_{ —2C0S X J \/1+sinx V1-sin® x
 2\[1-sinx -

2 (1+sinx)2 “{/1-sinx (1+sinx)2
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_ Jlsinxyl+sinx -1
(L+sin x)’ 1+sinx
Thus, dy/dx =— L
us, dyrax 1+sinx

='¢lglo] AN Find the derivative of each of the following functions at the indicated points :

. . 2 :E

(i) y=sin2x+ (2x-5) atx =

(i) y=COot X+ gpc? X+5 atxX=x/6
Solution :

0] y =sin 2x+(2x—5)2

g—i:cost%(Zx)+2(2x—5)%(2x—5)

=2c052X +4(2x-5)

d
At x:%, d—§=20057r+4(7r—5) =—2+47-20 =47 -22

(i) y = COt X +Sec’ X +5

g—iz—coseczx+25ecx(secxtan X) — _cosec?x + 2sec? x tan
4 dy 2 T 2 T T 4 1 _ 8
=, —L =—_cosec’=+2sec’—tan= =4+2-—— =-4+—=
At X 5 ix 35 3\/5

SENo] SIMCN I siny =X sin (at+y), prove that

dy sin’(a+y)

dx sina
Solution : It is given that
siny
siny = xsin (a+y) or X= sin—(a+y)

Differentiating w.r.t. x on both sides of (1) we get

1 sin(a+y)cosy-sinycos(a+y) |dy
B sin’(a+y) dx

MATHEMATICS
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1o sin(a+y-y) dy
or - sin(a+y) |dx

HYJ
or dy _sin’(a+y)

dx sina
Example 27.10 RINEE \/sin x+\/sin X+...toinf inity,
dy cosx
prove that ax :m

Solution : We are given that

y = \/sin X +/sin x+...toinf inity
or y=4SinX+Yy or y>=sinx+y
Differentiating with respect to x, we get

dy dy dy
2y —==COSX+—= 2y—-1)—=cos X
ydx dx or ( y )dx

ﬂ= COS X
dx 2y-1

Q
\ & § CHECK YOUR PROGRESS 27.2

1. Find the derivative of each of the following functions w.r.tx:

Thus,

(8) y=3sin4x (b) y=cos5x © y=tanvx

(d) y=sinVx (&) y=sinx? () y=+2tan2x
(9) y=mcot3x (h) y=sec10x (i) y=cosec2x

2. Find the derivative of each of the following functions:

_secx-1
secx+1

_ SinX+Cos X
Sin X —Cos X

@ f(x) (b) f(x)
(©) f(x)=xsinx (d) f(x)=(1+x*)cosx
(e) f(x)=xcosecx (f) f(x)=sin2xcos3x

(@ f(x)=+sin3x
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3. Find the derivative of each of the following functions:
(@) y=sin®x (b) y=cos?x (©) y=tan*x

(d) y=cot*x (e) y=sec’x (f) y=cos’x

sec X + tan x
(@ y=secyx M) Y=\ e tany

4. Find the derivative of the following functions at the indicated points:

1+sinx T
=cos(2x+7m/2),x=2 = X=—
O ( " ) 3 (b) ¥ COS X 4

5. |fy:\/tan x+\/tan X ++/tan X +---, toinfinity

d
Show that (2y —1)d—2(, =sec’ X.

6. If cosy =xcos(a+y),

cos’(a+
Prove that ﬂ = M
dx sina

27.3 DERIVATIVES OF INVERSE TRIGONOMETRIC

FUNCTIONS FROM FIRST PRINCIPLE

We now find derivatives of standard inverse trignometric functions sin™ x, cos ™ x, tan™* x, by
first principle.

()] We will show that by first principle the derivative gjn x W.r.t.X is given by

L sin"tx 1
dx( ) (1—x2)

Let  y=sin'x. Thenx=sinyandso x + 8x = sin (y+3y)
As 0x—>0,0y—0.

Now, Sx=sin(y+s)-siny

1 sin(y+dy)-siny
- OX

[On dividing both sides by §x ]

MATHEMATICS



Differentiation of Trigo

1_sin(y+5y)—sin y 8y

or

oX OX
_sin(y+dy)-siny . 8y
1= lim S ng [+ 6y — Owhensx — 0]
2005(y+;5yj5in@5yj d
=| Jim 5x d_i =(cosy).—y
dx
dy 1 1 _ 1
dx cosy \/(l—sinzy) \/(1—x2)
i(sin’lx):;
dX (1_X2)
d a1
n &(cos X)= —(1_)(2).

For proof proceed exactly as in the case of gjn! x.

(i) Now we show that,

i(tan’1 x):

dx 1+ X2

Let  y=tanx. Thenx=tanyandso x+d&x=tan(y+d3y)
As ox—0,alsosy -0
Now, Sx=tan(y+dy)—tany

1 tan(y+dy)—tany Sy
N Sy 5x

1— lim tan(y+dJy)—tany

5x—0 5y " 5x—0 OX

lim —. [- 8y — Owhen5x — 0]

MATHEMATICS
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_|tim sin(y+d3y) siny 15y dy
0x>0 | cos(y+8Yy) cosy dx

_dy im sin(y+d8y)cosy—cos(y+8y)siny
dx ox-0 Sy.cos(y+3y)cosy
dy sin(y+s8y—-y)

~dx =0 8y.cos(y+Sy)cosy

dy ,. |sindy 1
=—lim :

dx 00| &y cos(y+d8y)cosy
= dy L:ﬂlsecz y

“dx cos’y  dx

d_y_ 1 1 1
dx sec’y 1+tan’y 1+x*

d _
&(tan 1x):

1+ X2

%(cot1 x) =

1
1+ X2

For proof proceed exactly as in the case of tan! x.

v)

_ 1
We have by first principle &(sec )= X,J(X* +1)

y =secx. Then=secyandso x+d5x=sec(y+d3Yy).
ox—0.alsooy — 0.

Sx=sec(y+5y)—secy.

1_sec(y+6y)—secy 3y
N Sy 5%

1- jim ey +OY)—secy oy
5x—0 5y 5x—0 5)(

[-6y — OwhenSx — 0]
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2sin y+15yjsin(l5yj
y . 2 2
=—.lim

Cdx o0 Sy.cosycos(y+SYy)

)

5y

q sin(y+$6y} sin
=Y lim

~dx 29| cosycos(y+3y)

N/
N

_dy _siny :ﬂ.secytan y

" dx cosycosy dx

1

dy__ 1 ! =
dx secytany sec\/(sec2 y—l) X\/(
- 1
—Xz(sec 1x)z T
d . 1
" &:(cosec 1x)=—X G _1).

For proof proceed as in the case of gec x .

X —1)

SE WIS  Find derivative of sin™ (x2 ) from first principle.

Solution: Let y =sin™ x?
x* =siny
Now, (x+5x)2 =sin(y+5y)

(x+5x)2 -x* _sin(y+6x)-siny
OX - OX

2 2
fim (XFOX) =X

2cos(y+5zxjsin 2%

5x—0 (X+5X)—X 5x>0

2 im9Y
QIL!!(TO 5)(
2
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2X =C0S y.ﬂ
dx

d_y_ 2x 2X . 2X
dx cosy fi-sin’y 1-x'

SE I PINPA Find derivative of sin \/x w.r.t.x by first principle

MODULE - VIII
Calculus N
=
Notes
Solution:
=
Also
or
or
or
228

Let  y=sin™+/x
sin y:\/;
sin(y+38y)=vx+6x

From (1) and (2), we get

sin(y+8y)—siny =+x+6x —+/x
2co5(y+ﬂjsin[%J: ( VX+5X—\/§)(\/X+5X -I-\/;)

\/x+6x+\&
_ OX
X+ 6% ++/x
oy ). (oY
2C0S| y+— |sin| —
(y 2) (zjz_ 1
6X X+ X ++/x
Y
2 cos[ 2 )
SX’ - oy Ix+8x +x
2

: y

sin
Sy 5y (ZJ
lim —. lim cos y+7 im

5x>0 §X x>0 a0 Oy
2
20 Ty 15X+ Ix (-6y —>0assx—0)

d 1 1 1
d—ycos = Y

1 - = = =
dx 2Jdx OF dx 2xcosy Zﬁ\/l—sinzy 2Jx\1-x

MATHEMATICS
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dy 1 MODULE - VIII
X 2xJl_x Calculus
r1
WX CHECK YOUR PROGRESS 27.3
1. Find by first principle that derivative of each of the following: Notes
. .. COS'X
() cos™x? (i) — (iii) cos+/x
. tan™ x _
(iv) tan"x? V) — (Vi) tanty/x

27.4 DERIVATIVES OF INVERSE TRIGONOMETRIC

FUNCTIONS

Inthe previous section, we have learnt to find derivatives of inverse trignometric functions by first
principle. Now we learn to find derivatives of inverse trigonometric functions using these results

=Enlo]AMEN Find the derivative of each of the following:

. . . . 2
0] sintJx ()  costx? @)  (cos™ x)
Solution:

(i) Let y =sin"ty/x

ORI P
1-(Vx) Tx2  2dix

d, . 1

—(SINn " X) =

ax\ ) 2x1=x

(i) Let y=cos'x?

dy__ 1 d/. 1

dx /1_()(2)2 'dx(x ) BN/ (2x)
d -1 2 _ _2X

&(cos X )_ —

(i) Let y=(cos” x)2

MATHEMATICS 229
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HI

MODULE - VIII

dy _ d _ ) 'l
Calculus ol 2(cosec 1x).d—x(cosec x) (cosecx) X1
_ —2C0sec X
XV -1
Notes

d (cos ecflx)z _ —2c0s ec'x

dx |X|/x* -1
el PAMER Find the derivative of each of the following:

., COSX

i tan
® 1+sinx

@  sin(2sin"x)

Solution:

sin (”—2)
4, COSX = tan’lé

i =tan T ———
® Let y 1+sinx l+cos(72[—xj
—tan| tan E—ij _tanF_X
{ (4 2)] T3
Y12
dx
(ii) y =sin(2sin"* x)

Let  y=sin(2sin"x)

3—1 = cos(25in*1 x).%(Zsin1 x)

dy _ cos(2sin™ x).
dx 1-x?

B 2003(25in’1 x)

-
L 42X . 2X
SE[PAMER Show that the derivative of tan - w.rtsin o2 1.

42X . 42X
Solution: Let Y =tan™ —— and z=sin" —;
1-x 1+x

230 MATHEMATICS



Differentiation of Trigonomet

Let X=tan@

. 2tané ., 2tan@
y=tan" ———and z=sin" ————
1-tan“ 60 1+tan“ 60

=tan™'(tan20) and z =sin™(sin 20)

=20 and z =260

dy dz

=2 _2 % _5

40 and a0

dy dy do 1 _
_=——=2._=1

dx do dz 2 (Bychainrule)

Q
WX CHECK YOUR PROGRESS 27.4

Find the derivative of each of the following functions w.r.t. x and express the result in the sim-
plest form (1-3):

,1X 711
1. (@) sin™x? (b) cos < (c) cos
-1 — -1 Cot_1COSX——SinX
2. (a) tan"'(cosecx—cotx) (b) cot™(secx+tanx)(c) oS X TSNy
3. (a) sin(cos™x) (b) sec(tan™x) (c) sin™(1-2x°)

(d) cos™(4x®—3x) (e) cot™ (\/1+ x> + x)
4. Find the derivative of:

tant x
1+tantx

27.5 SECOND ORDER DERIVATIVES

We know that the second order derivative of a functions is the derivative of the first derivative of
that function. In this section, we shall find the second order derivatives of trigonometric and
inverse trigonometric functions. In the process, we shall be using product rule, quotient rule and
chainrule.

w.rttan™ x.

Let us take some examples.

SEo] CAMIGE Find the second order derivative of

()] sin X (i) X COS X (i) cos™x
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Solution: (i) Let y=sinx
Differentiating w.r.t. x both sides, we get

vy =COS X
dx
Differentiating w.r.t. x both sides again, we get
d’y d .
=—(Cc0SXx)=-sinx
dx®>  dx ( )
2
d—Z =—sin X
dx
(i) Let y=xcosx

Differentiating w.r.t. x both sides, we get

d_y: x(—sin x)+cos.1
dx
dy .
— = —XSin X+ C0S X
dx
Differentiating w.r.t. x both sides again, we get
d’y d : .
=—(—XSIiNX+C€0SX) =—(X.cosX+sin
dXZ dX( ) (
=—X.COS X —2Sin X
2
3)(2/ = —(x.cos X+ 2sin x)
(iin) Let y =cos ' X

1

Differentiating w.r.t. x both sides, we get
d hd
Y- 12 :_(1_)(2)2

ay _ -1 1
dx  1-x (l—xz)

Differentiating w.r.t. x both sides, we get
X

d? -1 - -
R )
d?y _ X

dXZ (1_ Xz )73/2

igonometric Functions

X)—sin x

2 )73/2
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MODULE - VIII

SE o VISVE If y =sin™ x, show that (1— x2) Y, — Xy, =0, where y, and y, respectively Calculus
denote the second and first, order derivatives of y w.r.t. x.

Solution: We have, y =sin™x
Differentiating w.r.t. x both sides, we get
Notes
dy 1
dx 1-x?
&y 2 _ 1 Squaring both sid
or i 12 (Squaring both sides)

or  (1-x*)(y,) =1

Differentiating w.r.t. x both sides, we get

d
(l—xz)-Zyld—X(y1)+(—2x)- y; =0
or  (1-x%)-2y,y,-2xy} =0

or (1-x*)y,—xy, =0

Q
\ & @ CHECK YOUR PROGRESS 27.5

1. Find the second order derivative of each of the following:
(a) sin(cosx) (b) x2tan~tx
1,.
2. ity=5(sin"x)", showthat (L-x*)y, - xy, =1
. d’y dy )
: = tan x—=+ ycos’ x = 0.
3 If y =sin(sin x), prove that G TEnX Y
) d%y
4. Ify =x+tan x, show that cos XW—2y+2x=0
476”%
@7l LET US SUM UP
o () i(sin X) = COS X (ii) i(cosx):—sinx
dx dx
(i) i(tan X) = sec” X (iv) i(cot X)=—cosec’ x
dx dx
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d ]
(V) &(sec X) = sec x tan x (vi)
° If u is a derivable function of x, then
i i(sinu)zcosud—u i
® dx dx (W)
. d , du .
—(tanu) =sec’u—
(i) o (tanu)=sectu - (W)
(V) i(sec u)=secutanu du (vi)
dx dx
] 1
—(sin*x) = .
e 0 )= (@)
. d 4 -1 .
(i) &(tan X)= o (iv)

i(sec*1 X) = _ :
(v) dx XX -1 (Vi)

° If u is a derivable function of x, then
d - 1 _1 dU
; —(sin = — i
0 KT ®
d ,1 1 du
ii —(tan = — i
(i) dx( u) 1+u® dx W)

1(Sec,1u):—_1_d_u .
(V) dx |u|\/u2_l dx (VI)

rigonometric Functions

d
d—(cosec X) = —COSEC X Cot X
X

d . du
—(cosu)=—sinu—
dx dx

i(cotu) ~ _cosecru 4
dx dx

d du
d—(cos ecu) = —cosecu cotu —

X dx
d _ -1
d—X(cos 'x)= —
d _ -1
&(COt 1 X) 1 x2

&(cos ecflx) =

-1
|x|\/ x? -1

i(cos’lu):_—l.d_u
dx 1/1_u2 dx
d 1 -1 du
— (cot e
dx(Co u) 1+u® dx

-1 du

(;j—x(cos ecflu) =

|u|\/u2—l.&

The second order derivative of a trignometric function is the derivative of their first order de-

rivatives.

e\ SUPPORTIVE WEB SITES

http://people.hofstra.edu/stefan_waner/trig/trig3.html

http:/Amww.math.com/tables/derivatives/more/trig.htm
https://www.freemathhelp.com/trig-derivatives.html
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Differentiation of Trigonometric

Sl TERMINAL EXERCISE

10.

. dy
= x° tan? 5, find ==,
Ify > dx

d \/ﬁ T
Evaluate,d—x sin” X +cos XatX=Eand0.

+c0s” (2x+1) dy

oX
y=—— P
If 3 (1_ X)Z find dx

NX+1 0 Ax-1 dy
=sec™ +sin T =, —2-0
y m \/; then show that .
. . dy )’
If x=acos®@,y=asin®g, thenfind |1+ i

_dy

Ify =\/x+ x++/x+...,find dx’

Find the derivative of sin™™w.rtcostv1—x?
Ify = cos (cos x), prove that

2

d7y
dx?

If y = tan™ x show that

—cotx~ﬂ+ y.sin’ x=0.
dx

(1+ x)2 y, +2xy, =0.
If y =(cos™ x)2 show that

(1+ x)2 y, —xy,—2=0.
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AN

®

CHECK YOUR PROGRESS 27.1

@)

2.

(@) —cosecxcot x

(d) —2cosec?2x

(a) 2sin2x

(b) —cosec?x

(e) —2xcosecx? cot x>

(b) —2cosec?xcot x

CHECK YOUR PROGRESS 27.2

1.

(a) 12 cos 4 x

(9) —37 cosec?3x

() —2cosec2xcot 2x

2sec xtan x
(a) (secx+1)°

(d) 2xcos x - (1+ X*)sin x

(b) - 5in 5 x

(8) 2xcos x>

(h) 10 sec 10 x tan 10 x

-2
() (sinx—cos x)2

(e) cosecx (1- xcot x)

(f) 2cos 2x cos 3x — 3sin 2xsin 3x

(@) 3sin? x cos x

(d) —4cot® x cosec?x

sec+/x tan/x
(s)) 5 \/;

(@1

(b) —sin2x

(e)5sec® x tan x

(h)sec x(sec x + tan x)

b)2+2

rigonometric Functions

(c)-2sin2x

COS X

) 2+/sin x

(¢) 2tan xsec? x

sec? v/x
() 5 \/;

(M 242 sec? 2x

() xcos X +sin x

3cos3x

@ 2+/5In 3X

(¢) 4tan® xsec? x

(f)—3cosec®xcot x
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CHECK YOUR PROGRESS 27.3

()

(iif

v)

—2X )
o W
1
ZX% (1-x) W)

1 tan”'x _
x(l+ xz) G (Vi)

CHECK YOUR PROGRESS 27.4

2X
1. (@) v (b)
1
© e
1
2. @ 5 (b)
c -1
cos(cos™ x)
3. (@) T (b)
-2
(©) 2 (d)
1
©) 2 (l+ xz)
1
4,

1+tantx)
( )

CHECK YOUR PROGRESS 27.5

1. (@)

()

2x(2+x2)

—C0s X c0s(0s x) —sin” xsin (cos x)

~~+2tan" X
(1+ xz)

-1 —costx

xv1-x? X’

2X
1+ X2

2x2,/(1-x)
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MODULE - VIl | TERMINAL EXERCISE
Calculus

1. X3 tan > sec? X 4 3x? tan? >
2 2 2
2. 0,0
Notes _
3 Eii—£%—23m(4x+2)
' 3(1-x)3
5. [seco)|
1
6. 2y -1
1
v 24/1— x?
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